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DEDICATION

To my family.

Chapter 1 – Introduction
The field of machine learning has made great strides in solving many difficult
machine learning problems by framing them as classification tasks. In classification,
a learning algorithm is given a training set comprised of several vectors of numbers,
each with an associated class label. The goal of learning is to find a function that
will map any vector of numbers drawn from the same distribution to the correct
class. This type of learning has produced significant results in cancer diagnosis
[35], handwritten character recognition [53], and autonomous vehicle control [71]
among many other areas.
As an instructive example, consider vectors that represent a person according
to their height and weight, and classifying these people according to their sex. It
is reasonable to assume, after a few training examples (155 cm, 55 kg, female; 185
cm, 80 kg, male, etc.) that a person would be able to make a reasonable1 guess as
to the sex of a person based on their height and weight.
In spite of the vast progress made, however, there are more problems than ever
that seem immune to classical machine learning approaches. An example of this
problem is the so-called structured prediction problem. In this formalism, the goal
is still to predict the output “class label” as a function of the input vector. However,
the shape of both the input and the class label is unrestricted. Both the input
1

By “reasonable”, I mean something substantially better than a one in two chance.
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vector and the output label can be sequences, trees, bags, or have any structure
imaginable. Typically, both input and output are represented as some collection
of variables, with each variable in the output possibly having correlations with all
or part of the input vector as well as other variables in the output structure.
Consider the problem of labeling an English sentence (input) with its proper
parts of speech (output). In the sentence, “He is a stranger.”, the word “stranger”
is clearly a noun. However, adding a few words on the end, “He is a stranger man
than I.” results in the same word being an adjective. In this case, we see that one
of the output variables (the part of speech of stranger) is correlated to several of
the input variables (the word “stranger” as well as the words before and after it)
and also possibly some of the other output variables (knowing that “stranger” is
followed by a noun would point to its being an adjective).
Methods for solving these types of problems, such as maximum margin Markov
networks [91] and structural support vector machines [93], are slowly emerging in
the literature, with each new algorithm having its own strong points and weaknesses. Most recently, researchers in the community have begun to explore in depth
the connections between existing algorithms, as well as ways of extending them
to other types of problems. Given the recent advances, it is reasonable to assume
that structured prediction will be in the literature for some time in the future.

3

1.1 Contributions
In this dissertation, I will examine some of the methods and applications in this
new subfield of machine learning. I will first discuss structured prediction and
try to establish what it is and what it is not. I will then broadly review some of
the current methods of structured prediction and examine some others in more
detail, seeking an algorithm that solves the most general version of the structured
prediction problem as correctly and as quickly as possible.
The first contribution of this dissertation is the presentation of an algorithm,
structured gradient boosting, that attempts to satisfy these algorithmic goals. This
algorithm attempts to combine the best of two well-known algorithms, structured
perceptron and structural support vector machines into an algorithm that is faster
and more scalable than the latter, but uses a notion of margin and incorporates
classification loss into its derivation, unlike the former. I then give results showing
that this algorithm performs well in two simple applications.
The second contribution is to highlight the flexibility of this algorithm and
push the boundaries of structured prediction in general. I show that, by learning
classifiers to represent the gradient steps of the algorithm, I can effectively use the
algorithm to do feature construction in the sequence alignment and retrieval domain. Learning these classifiers eliminates the need to define a distinct “character
alphabet” and at the same time reduces the amount of training data required for
accurate alignment and retrieval. I will also show that, with only a slight variation,
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this algorithm can be used to tune the retrieval process to higher efficiency, with
only small losses in accuracy.

1.2 Organization of this Dissertation
The organization of the rest of this dissertation is as follows:
In Chapter 2, I define the structured prediction problem and discuss how it
differs from previous problems in machine learning. I discuss some methods that
solve a subset of these problems, and then discuss a general form of the problem
and methods that address this form. After discussing some of the advantages
and shortcomings of some of these approaches, I introduce structured gradient
boosting. I then show how this algorithm is able to combine some of the beneficial
features of two of the most popular structured prediction algorithms. Finally, I
show how structured gradient boosting can be applied to multi-class classification
and give some results on common datasets.
Chapter 3 shows how structured gradient boosting can be applied to a simple
instance of a structured prediction problem in learning by demonstration. Specifically, I will use structured prediction to develop a model that distinguishes good
plans from bad plans, given some demonstration plans that are treated as nearoptimal. I then show promising results on a planning problem in a real-time
strategy game.
In Chapter 4, I begin with a literature review of my primary motivating application, sequence alignment and retrieval. In this chapter, I review some of the
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methods of doing sequence alignment and retrieval. I then show that the success
of all such methods hinges primarily on a function that calculates the edit distance
between one character and another. With this in place, I review methods for learning this edit distance function and find that all current methods have deficiencies
that cannot be remedied without substantial modification.
I then attempt to use structured gradient boosting to remedy some of these
deficiencies. Here, I show how my algorithm can be used without substantial
modification to solve the problem more quickly than the state of the art. In
addition, my results show that using classifiers to represent the gradient steps of
the algorithm results in a substantial representational benefit. This representation
eliminates the need for a human expert to define an ad-hoc set of features, instead
relying on algorithm to induce features from the training data. I show experimental
results in a synthetic domain, comparing the results with other learning methods.
Chapter 5 introduces the query-by-humming domain and surveys some of the
literature concerning this difficult problem in music information retrieval. I then
outline my approach and show that structured gradient boosting is able to learn
edit distances at least as well as competing approaches. It also possesses an ability
to incorporate prior knowledge into the learning process, an attribute that some
other discriminative approaches lack.
Going beyond sequence retrieval accuracy, I also show how structure gradient
boosting can be used to improve retrieval efficiency in Chapter 6. I begin by
showing how any distance function can be made to satisfy the triangle inequality
through a simple mathematical transformation. Armed with this, I show how
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retrieval efficiency can be improved through the use of metric access methods.
Finally, I show how a distance function can be modified to improve the performance
of a given metric access data structure using structured gradient boosting. I again
show results in the synthetic and query-by-humming domains.
The final chapter, Chapter 7, concludes the dissertation. I summarize the
contributions and give some thoughts on future direction for structured prediction
and for structured gradient boosting in particular.

7

Chapter 2 – Structured Prediction: Problems and Approaches
In this chapter I will define, both formally and informally, the structured prediction
problem. I will then review some previous approaches to this problem and examine
their strong and weak points. Finally, I will outline an algorithm that combines
some of the strong points of two of the most general algorithms reviewed, and show
how it can be applied to multi-class classification.

2.1 Why Structured Prediction?
In the past 50 years, statistical machine learning has revolutionized both the field
of artificial intelligence and many of the things we do every day. Computers are
now able to perform tasks that would have never been possible without the learning
algorithms developed in this community. We now have machines that are able to
sort mail [53], diagnose cancer [35], control airplanes [71], recognize speech [72],
and detect credit card fraud [12], among hundreds of other applications.
As stated in Chapter 1, many such problems are solved by reducing them to
a classification or regression task [77]. These problems can be formalized as a
tuple {X , Y} where X is the input domain and Y is the output domain. We seek
a function F : X 7→ Y that maps all inputs x ∈ X to the correct output, or class
label y ∈ Y. The input domain for a given problem is, most generally, a vector
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of real numbers1 of some fixed size d so that X = ℜd . If Y = ℜ, then this is a
regression problem. If Y = {−1, 1}, then this is a binary classification problem. If
Y is some reasonably small set, this is a multi-class classification problem.
To construct F , we are given a training set T of the form:

{(x1 , y1), (x2 , y2 ), . . . , (xn , yn )}.

(2.1)

With these training examples of input vectors mapped to correct output values,
the algorithm attempts to learn an F that will predict the correct ouput for parts of
the input space unobserved in the training data. There is a wealth of methods for
learning such functions, ranging from the venerable perceptron algorithm [76], to
more recent methods such as Bayesian networks [34] and support vector machines
[17].
To put this more concretely, suppose we have data on several past cancer
patients. As part of this data, we have several numeric values about the patient’s
health (age, weight, blood counts, etc.) and also a class label ∈ {−1, 1} indicating
whether or not the patient’s cancer is malignant. Given a training set of many
such patients, the goal is to learn a function that, given the same set of numeric
values about an unknown patient, will predict whether or not the patient’s cancer
is malignant.
For many problems, this formalism is adequate. However, there are many
important problems for which this formalism appears appropriate, but only on
1
This representation generalizes easily to cases where there are nominally-valued elements in
the vector, but such a discussion is outside of the scope of this dissertation. For a discussion, see
[77].
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the surface. Consider the problem of mapping an English sentence to its proper
French translation [50]. On the surface, we have the usual definitions of an input
and output space where X is the set of all possible English sentences and Y is the
set of all possible French sentences. If we have a training set English sentences
paired with the correct French translation, we may assume that existing learning
algorithms will be able to learn the appropriate mapping.
Unfortunately, this assumption is incorrect. Classical statistical learning algorithms rely on the number of classes being relatively small, or the class label
being real-valued. Essentially, this is because these algorithms all rely on a priori
knowledge about the domain of the output value. In the problem described above,
the number of class labels is infinite and many of them (possible French sentences)
are not present in the training set. Classical statistical learning methods do not
typically predict classes for which they have no training examples2 .
All, however, is not lost. While an exponential number of classes is clearly a
cause for concern, it does not seem to be so in this case. For example, although
there are exponentially many parse trees for a given sentence, many of them are
very much the same as many others, while many others still are very different.
In other words, the possible classes for the problem, the output space, appears to
have structure itself. It seems possible that a learning algorithm could leverage
this structure to predict the correct class, or at least a class that is in some sense
“close” to correct.
2

Excepting the real-valued output space (regression).
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2.2 Structured Prediction
In the last five to ten years, a new type of statistical learning, known as structured
prediction has emerged in the literature. The goal of structured prediction is to
bring statistical learning to bear against problems having an output space that is
structured but exponential in size. Structured prediction can be seen as a generalization of the prediction problem above. In the case of structured prediction, X
and Y are still the input and output domains, respectively, but the nature of these
domains is now unrestricted. It may be a space of sequences, trees, images, or a
combination of these. The goal is still the same: To find an f : X 7→ Y that maps
each possible input structure x ∈ X to the correct output y ∈ Y.
A number of methods for doing this have appeared in the literature in recent
years, including structured perceptron [14], searn [19], maximum margin Markov
networks [91], structural support vector machines [93], maximum entropy Markov
models [55], and conditional random fields [47]. While the methods for doing this
vary considerably between these algorithms, there are some common threads. It
is these that I will focus on in my definition of structured prediction below.

2.2.1 Some Related Work
Before formally defining the general structured prediction problem, I will briefly
examine two of the methods described above. These methods solve a subset of
structured prediction problems and have served as important springboards to more
general solutions.

11

2.2.1.1 Conditional Random Fields
Conditional random fields are a conditionally-trained alternative to traditional
graphical models. Graphical models (which will be explored in later in this chapter
and in Chapter 4) are useful in applications where prior knowledge about the
domain can be used to construct a more accurate generative model. Unfortunately,
these models are often used as “off the shelf” prediction methods for problems such
as label sequence learning. This is unfortunate because these models expend a great
deal of effort modeling the joint probability distribution P (x, y), which includes
interactions within the observed structure x. Obviously, there is no need to model
these interactions because x is completely observed at classification time.
Conditional random fields use a feature-based approach to representing the
clique potentials of a given graphical model. That is, for a given clique c in a
graphical model, the clique potentials are represented as an exponential function
of some parameterized combination of features defined over that clique. Suppose
f (c) gives the feature vector for clique c and w is a vector of the parameters. The
clique potential, ψ(c) of the clique is expressed as:

ψ(c) = exp(hw, f (c)i)

(2.2)

Figure 2.1 shows a conditional random field designed to predict a label sequence,
such as parts of speech for a sentence, given a sentence x. As we can see in Figure
2.1(b), the conditional random field makes no assumptions about the structure of
x. Suppose the function f gives the feature values for all cliques of size 2 in the

12
y1

y2

x1

x2

yn

···

xn

(a) A hidden Markov model for label sequence prediction.

x

y1

y2

···

yn

(b) A conditional random field for label sequence prediction.

Figure 2.1: The difference in modeling assumptions between hidden Markov models
for label sequence prediction and conditional random fields for the same task.

above graph and the function g gives feature values for all cliques of size 3. Also
suppose that the parameters for these potentials are given by λ and µ respectively.
Then, the clique potentials for the graph in Figure 2.1(b) are:

ψ(x, yi) = exp(hλ, f (x, yi)i)

(2.3)

ψ(x, yi , yi+1) = exp(hµ, g(x, yi, yi+1 )i)

(2.4)

The feature-based representation of the clique potentials is important for two
reasons: First, the potentials can be conditioned on arbitrary attributes of the
input structure x. For example, a feature in the part-of-speech tagging example
could be “the feature value is 1 if the sentence begins with the word ‘What’ and
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ends with a question mark. Otherwise the value is 0”. Second, it gives a sparsely
parameterized representation for the clique potential functions, which makes inference less complex and demands less data for training [35].
With the clique potentials defined as such, we can compute the conditional
probability of a given label sequence y as we would in a standard graphical model:
n−1
n
Y
1 Y
ψ(x, yi, yi+1 )
ψ(x, yi )
P (y|x) =
Z(x) i
i

(2.5)

where Z normalizes the product to be a proper distribution. Training can then take
place using maximum likelihood estimation as in any graphical model. Because
this model is undirected, we must use an iterative method like iterative scaling [39]
to find the maximum likelihood solution given the training data.

2.2.1.2 Max-Margin Markov Networks
The max-margin Markov Network (or M 3 N for the geek-chic) gets more to the
heart of the problem. First, note that we can form a single feature vector, Ψ that
concatenates the feature vectors from each clique:

Ψ(x, yi, yi+1 ) = (f (x, yi), g(x, yi, yi+1))

(2.6)

If we assume that the potentials are the same from end to end on the label
sequence model, we can define a joint feature vector over the input and output
structures:
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Ψ(x, y) =

n
X

(f (x, yi), g(x, yi, yi+1 ))

(2.7)

i

with the convention that g(x, yn, yn+1 ) = 0. Now suppose that we group the
parameters of the potential functions into a single vector as well, so that w =
(λ, µ). With this, we have:

P (y|x) ∝ exp(hΨ(x, y), wi)

(2.8)

Obviously, the y in which we are interested when performing inference is the
one that maximizes the conditional probability given the input structure and parameters of the distribution:

argmax P (y|x, w) = argmax exp(hΨ(x, y), wi)
y

(2.9)

y

= argmaxhΨ(x, y), wi

(2.10)

y

And so, crucially, the optimal parameters for the conditional random field turn
out to be the same as those for the best linear classifier given the appropriate
feature vectors. Given a training set, we can then formulate the problem of learning
the parameters w as a constrained optimization problem as is done in support
vector machines [17]. In Section 2.3.1, we explore this optimization problem in
greater detail. The problem with this formulation (in both Section 2.3.1 and in
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max-margin Markov networks) is that the resulting optimization has a number of
constraints that is O(|Y|). In a prediction problem such as this one, where Y is all
possible sequences of labels, this is an intractably high number.
The approach taken to solve this optimization in max-margin Markov networks
is to use the structure of the graph to obtain an efficient solution. Essentially, because the joint feature vector is decomposable across repeating cliques of the model,
the resulting optimization is decomposable as well, and is efficiently solvable.

2.2.1.3 Discussion
Conditional random fields do away with modeling the entire joint distribution in
problems where it is not necessary. Using feature functions to describe the clique
potentials results in a graphical model that is both more tractable for learning purposes and more meaningful semantically. Max-margin Markov networks take this
idea one step further, learning the parameters through the solution of a constrained
optimization and gaining generalization guarantees in the process.
Unfortunately, the thing that makes the learning tractable in conditional random fields and the optimization problem solvable in max-margin Markov networks
turns out to be the most limiting factor of these methods. In particular, the repeating structure of the graphs contributes greatly to the efficiency of the computations
involved, but it also forces us to use features that are parameterized by the variables in each clique and no others. In addition, while graphical models provide a
useful way of encoding prior knowledge into the learning process, they also require
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an expert of some sort to properly specify which variables do and do not interact
as well as what those interactions are.
I seek a more general solution to the structured prediction problem, where the
structure of the underlying model can be arbitrary. That is, I wish for the features
of the model to be any arbitrary combination of attributes of the input and output
structure. To this end, I give the formal and more general problem definition
below:

2.2.2 Problem Definition
In this work, a structured prediction problem is a tuple {X , Y, Ψ, ∆}, where X
and Y are the input and output domains for the problem. These domains can be
comprised of values or structures of any type.
The function Ψ : X × Y 7→ ℜd is a joint feature vector extractor that takes
a member of the input and output spaces and returns a vector of real values.
Semantically, the elements of this vector are a list of features that result from
classifying the input element with the given output element. For example, in
machine translation [50], this could be the number of times a matching pair of
words or phrases (such as, [thirty-five, trente-cinq]) appears in the translated pair.
An intermediate goal, then, is to construct Ψ so that it extracts features relevant
to determining whether the input/output pair passed to it is one of high quality.
A second function, ∆ : X × Y × Y 7→ ℜ, is the misclassification cost between
two classes for a given input instance. This loss function should be, semantically,
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a measure of how much less correct the first class label is than the second label.
For example, suppose we are given the input sentence in English “He does not
drive the car every day” and the correct translation in French, “Il ne conduit pas
la voiture tous les jours”. The classification loss between the correct label, and
for the incorrect label, “Il ne pas conduit la voiture tous les jours” (correct words
but improper grammar), would be substantially lower than the difference in loss
between the correct label and “Tu ne chantes pas une chanson dans la rue” (“You
do not sing a song in the street”3 ).

Figure 2.2: An English sentence and its correct parse tree, with the associated Ψ
vector.

Another structured prediction domain is shown in pictorial form in Figure 2.2,
taken from [93]. We wish to take an English sentence as the input domain X and
output its proper parse tree as the output domain Y. The Ψ vector gives counts
of the various productions that occur in the parse tree. This is a complex problem
3

This may or may not be true.
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in natural language processing [13] that I will not examine in detail here. It is
enough to note the complexity of the prediction task and how it may be fit into
the formalism I have defined.
Note that this is not to suggest that all other problems are unstructured. For
example, credit card fraud detection and stock market prediction both have temporal (and even geo-spatial) aspects that certainly speak of the problem being
structured in some sense. That is, if we knew the sequence of credit card transactions and their labels (fraud/not fraud) leading up to the current transaction,
then we would be in a better position to determine the validity of that transaction
than if we had no knowledge of these labels. One way to accomplish this is to
treat the labels leading up to the current label as separate prediction problems,
the predictions from each one propagating forward until reaching the current label
(the so-called sliding window method [21]). In this way, the answers from previous
problems can become features for future predictions.
In some cases, variables that are of interest but not part of the input are treated
as hidden variables. As above, we attempt to predict these values even though they
are not of primary interest, and use those predictions to help predict the output
variable. Usually, this involves some form of iterating between guessing the value
of the hidden variables, then re-estimating the model parameters based on these
guesses [20]. Although situations involve prediction problems that have structure,
we are here primarily interested in problems where the prediction itself is structured. That is, problems with more than one output variable. Note before moving
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on, however, that wherever there are multiple values to be predicted, structured
prediction methods may succeed where others have failed.
Note that the definition above admits problems such as classification and regression that have only a single output variable. Is there, then, a proper definition of a
structured prediction problem? Some recent informal discussions4 have suggested
the following conditions to differentiate structured prediction problems from standard prediction, as well as differentiating structured prediction algorithms from
standard prediction algorithms:
1. The output domain Y is a set of variables to be predicted, which may be
variable in length.
2. The feature function Ψ is not decomposable over the output variables.
3. The loss function ∆ is not decomposable over the output variables.
If the first condition is satisfied, but neither of the other two are, the problem
can be solved by multiple independent classifiers [70]. This means that the “structure” of the prediction is simply a concatenation of ordinary prediction problems
and should not be included in any strict definition of structured prediction.
The other two conditions are more elusive. In some sense, the second condition implies structure because the features imply correlations between the output
variables. However, such features could be mistakenly introduced for a problem
4

In particular, the machine learning blog run by Hal Daumé at http://nlpers.blogspot.
com/ has much lively discussion on this very topic.

20
with no such correlations. These features would clearly be irrelevant, but prediction problems are rife with such features and any good algorithm is robust against
them. In this case, the first two conditions hold, and yet the problem is still
clearly unstructured because the output variables could still be predicted independently with success. Because the correlating features are irrelevant, their presence
does not imply structure. It seems, then, that the ability to incorporate features
that express correlations between the output variables is more an attribute of the
algorithm than of the problem itself.
One way to guarantee the relevance of the correlating features is the third
condition. If the loss is not decomposable over the output variables, than we
require correlating features to minimize this loss function properly. Note that
this definition, while adequately restrictive, is almost certainly too strict. Label
sequence prediction under hamming loss, for example, does not satisfy this third
condition, yet many would consider it to be a structured prediction task.
In summary, it appears there are several main issues we confront when attempting to define structured prediction. First, there is a question of what exactly
a structured prediction problem is, to which I have responded that it is a prediction problem with multiple, possibly correlated output variables. Second, there is
a question of what exactly is a structured prediction algorithm, to which I have
responded that it is an algorithm that can incorporate features that correlate the
output variables. Third, there is a question of when it is useful or necessary to apply a structured prediction algorithm. One way that has been proposed is related
to the decomposition of the loss function, but this only seems to capture a subset
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of all instances in which structured prediction algorithms are useful. Other, more
subtle forms of correlation may still benefit from a structured approach.
There are some indications, again in informal discussion, that these conditions
do not stand up to rigorous formal scrutiny. Nonetheless, they do provide some
interesting intuitions about structured prediction. For the remainder of this work,
I will use the broad definition given at the beginning of the section. Under this
definition, structured prediction is a generalization of standard prediction. Accordingly, the algorithms discussed in detail in what follows will all readily specialize
to classification and regression.

2.2.3 Some Other Structured Prediction Algorithms
The over-arching theme of many of the structured prediction algorithms not discussed thus far [93, 67, 14, 19] is an iterative structure that proceeds roughly as
follows:
1. Use the current model to choose the best incorrect class label for each training
example. That is, choose the best class label that is not the one given in the
training set.
2. Compare these predicted solutions with the correct class label for each training example (given in the training set) and adjust the model so it favors the
correct solutions rather than the errant predictions.
3. Repeat until convergence.
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Note that in step one of the above algorithm, the inference routine has been
embedded into the learning algorithm. Inference in many of the methods above
takes the form of a series of inner products between the feature vector, given by Ψ,
and a weight vector, w, so that each element of w is a weight for a corresponding
element in Ψ. The inner product, hΨ(x, y), wi, computes a number that can be
treated as a quantitative measure of how appropriate it is to apply the label y to
the input x. To complete the inference routine, the algorithm chooses the best of
these labels according to this inner product, so the best label is:

argmaxhΨ(x, y), wi

(2.11)

y∈Y

There are two problems here: First, computing the argmax above is almost
certainly non-trivial. As stated before, the number of classes is often infinite or
at least exponential in structured prediction problems, and so the argmax cannot
be found efficiently by simply trying each possible y ∈ Y. Fortunately, there are
a variety of ways to make inference tractable in these algorithms. The method of
doing so is often specific to both the learning algorithm and the domain. For parse
tree construction (an important structured prediction problem in natural language
processing), this can be done using the CKY algorithm [13]. In sequence matching
and alignment (which I will discuss later), there is the Smith-Waterman algorithm
[88], or, for graphical models, the Viterbi algorithm [96].
Secondly, the algorithm sketch shown at the beginning of the section requires
that we find the best incorrect class label for a given input5 . Throughout what
5

Being able to find the best class label outright will, however, be useful at performance time.
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follows, I will designate the best incorrect class label using a “hat” ( b· ). To
illustrate, suppose yi is the correct class label for a given input xi . We can compute
bi , the best incorrect class label for xi , with just a little change to the inference
y
routine above:

bi = argmax hΨ(xi , y), wi
y

(2.12)

y∈Y,y6=yi

All that remains in the learning algorithm is step two: the modification of the
model to give higher inner products to the correct answers. This is the essential
difference between all of the proposed algorithms. In conditional random fields
[47], the model is trained to maximize the conditional probability of the best class
label for each input. In structural support vector machines [93] and the structured
perceptron [14], the model is trained to maximize the margin between the best
class label and the incorrect class labels.

2.3 Structural Support Vector Machines and Structured Perceptron
I have now defined the structured prediction problem and visited briefly some of
the attempts to solve it. I will now choose two of these methods to examine in
more detail and discuss their advantages and disadvantages.
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2.3.1 SVM-Struct
The structural support vector machine (SVM-Struct) maximizes the margin of
the training data by solving iteratively harder quadratic programming problems.
Essentially, this algorithm aims to solve the the following set of constraints:

∀i ∈ {1, . . . , n}, ∀y ∈ Y \ yi : hΨ(xi , yi ), wi − hΨ(xi , y), wi > 0

(2.13)

This assumes linear separability of the training examples in the feature space.
If the data are linearly separable, then there will typically be more than one w that
satisfies the constraints in Equation 2.13. To make the problem well-posed, the
norm of w is constrained so that ||w|| = 1 and choose the w that maximizes the
distance between all correct labels of the training data and their closest incorrect
competitors. This leads to the margin maximization problem:

max

m,w:||w||=1

m

s.t. , ∀y ∈ Y \ yi : hΨ(xi , yi ), wi − hΨ(xi , y), wi > m

(2.14)
(2.15)

Performing the usual transformations relating to support vector machines [17]
leads to the following quadratic program:
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1
min ||w||2
w 2

(2.16)

s.t. ∀y ∈ Y \ yi : hΨ(xi , yi ), wi − hΨ(xi , y), wi ≥ 1

(2.17)

If the data are not linearly separable in the feature space, then slack variables ξi
can be introduced to allow for margin violations, and we can optimize a soft-margin
criterion instead:

1
CX
ξi
min ||w||2 +
w 2
n i

(2.18)

s.t. ∀y ∈ Y \ yi : hΨ(xi , yi ), wi − hΨ(xi , y), wi ≥ 1 − ξi , ξi > 0

(2.19)

Finally, misclassification cost functions other than the standard zero-one loss
seen above can be employed. More specifically, one option is to rescale the margin
according to the loss function [92] so that margin violations are additively “shifted”
by the amount of the loss:

1
CX
min ||w||2 +
ξi
w 2
n i

(2.20)

s.t. ∀y ∈ Y \ yi : hΨ(xi , yi ), wi − hΨ(xi , y), wi ≥ ∆(x, y, yi ) − ξi , ξi > 0 (2.21)
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This has the unpleasant property that the solution is not constant under a
scalar multiple of the misclassification cost function. In other words the optimal
solution for w may be different with a loss function that is semantically congruent.
Another idea, is to rescale the slack variables, so that the margin violations are
scaled by the loss:

1
CX
ξi
min ||w||2 +
w 2
n i
s.t. ∀i, ∀y ∈ Y \ yi : hΨ(xi , yi ), wi − hΨ(xi , y), wi ≥ 1 −

(2.22)
ξi
, ξi > 0
∆(x, y, yi )
(2.23)

This formulation is consistent under scalar multiples of the misclassification
cost. Figure 2.3 shows how the slack variables are effected by margin and slack
rescaling. Points marked with “o” are on the correct side of the decision boundary.
Those marked with “x” are on the incorrect side.
With this in place, all that is left is the solution of this quadratic program.
Unfortunately, |Y| may be extremely large, especially if |Y| is a product space such
as the number of possible French sentences. Because the number of constraints in
Equation 2.23 is n|Y| − n, solving this optimization is not feasible.
The approach taken by structural support vector machines [93, 92] is to start
with an empty set of constraints and iteratively add the most violated constraint to
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Figure 2.3: The effects of margin and slack rescaling on distances from the decision
boundary.
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the constraint set, given the learned model, and resolve the resulting optimization6 .
This algorithm is proven to converge to some ǫ of the optimal solution by adding
a number of constraints that is only polynomial in the input size, thus making an
approximate solution to this problem a possibility.

2.3.2 Structured Perceptron
The structured perceptron algorithm [14] is a generalization of the perceptron
algorithm to structured prediction. At each iteration, the algorithm choses best
incorrect solution for each training example and uses this to update the current
w. Unlike structural support vector machines, however, the weights are simply
updated according to the difference in feature vectors between the correct and
incorrect answers. The intuition is to push the weights of features with greater
values in the correct class labeling higher, and vice-versa with features having
greater value in the incorrect labeling:

bi ))
w ← w + α(Ψ(xi , yi ) − Ψ(xi , y

(2.24)

The factor α is a learning rate parameter that controls the size of the update.
Exactly how often this update happens is deliberately vague. There are several
versions of the algorithm. Sometimes, the updates are summed over the entire
training set before they are applied, and each iteration of the algorithm constitutes
6

bi for each xi and choose the one for which
To find the most violated constraint is to find y
bi than yi by the greatest amount.
the score is higher for y
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a pass over the entire training set [14]. Another version of the algorithm updates
greedily after each training example.
A more clever formulation, the voted perceptron [28] makes updates only when
the current model makes a mistake in the training set (that is, when the class
predicted by the model is incorrect). When a mistake is made, the number of
examples correctly classified before the mistake serves as the weight for the model.
A new model is then created by updating the current model, the current model
is stored, and the process continues with the new model as the current model.
The number of models stored, then, is equal to the number of mistakes made
during training. The resulting ensemble classifier has some of the nice theoretical
properties of adaboost [79].

2.3.3 Discussion
I have discussed two methods of structured prediction. Let us now examine their
relative strengths and weaknesses. Both algorithms try to optimize a notion of
margin and both can be kernelized [95] according to the standard methods [17].
SVM-struct, however, has some obvious advantages:
• Precision of solution: SVM-struct exactly solves a series of optimization
problems to reach its final solution. The gradient-based optimization of the
structured perceptron is not even tailored specifically to the margin - it gives
only a simple push toward the correct solution with little regard for the
performance of the current model.
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• Robust theoretical guarantees:

The solution of SVM-struct is guar-

anteed to be precise within some epsilon of the exact solution after solving
some polynomial number of quadratic programs. It also carries with it the
benefits of the regularization of standard support vector machines, making
the solutions provided by the algorithm reasonable even in infinite dimensional spaces (such as the space implied when using a radial basis kernel [17]).
Kernels will be discussed later on in the chapter.
• Theoretical incorporation of general misclassification cost functions: Using either margin or slack rescaling, as mentioned earlier, a general
misclassification cost function can be incorporated elegantly into the problem
formulation. For the structured perceptron, there is no obvious, theoretically
sound way to do this.
Structured perceptron, too, has strong points:
• Speed and scalability:

SVM-struct solves a number of quadratic pro-

grams polynomial in the size of the training set. If these problems are complex, involving thousands [67] or even millions [50] of features, the algorithm
will not be able to admit very much training data. The structured perceptron algorithm uses only simple dot products and vector subtraction as part
of the learning algorithm, and so can handle large amounts of data.
• No requirement of exact inference:

Finding the “most violated con-

straint” in the constraint set of Equation 2.23 is non-trivial. As stated before,
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|Y| could be extremely large. In the absence of an exhaustive search, the albi (which may or may not be
ternatives are an analytical computation of y
possible) or a stochastic search of the space of possible classes for an approx-

imate answer. SVM-struct does not admit the latter of these two solutions in
theory, and a few recent results at workshops suggest that inexact inference
is extremely detrimental to the performance of the algorithm. By contrast,
there is a variant of structured perceptron [15] that is able to cope with
inexact inference in the inner loop.
• Ability to operate in on-line mode:

The flexibility of structured per-

ceptron in its update structure enables it to do updates as data become
available, resulting in a model that can be updated continually with little
effort. In addition, the model can be initialized by an expert with domain
knowledge beforehand and learning can proceed with this knowledge as a
starting point. The performance of SVM-struct, however, again depends on
solving a series of quadratic problems. Updating the model with new data
must consider all previous training data to achieve theoretical consistency.
We see then, that both structured perceptron and SVM-struct have certain
strengths and weaknesses. Next, I will attempt to go some way towards reconciling
the two. Specifically, I will attempt to construct a perceptron-style algorithm that
incorporates a definition of margin and a general misclassification cost function
into its strategy.
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2.4 Structured Gradient Boosting
In this section I present “Structured Gradient Boosting”, a reformulation of the
structured perceptron algorithm that admits general misclassification cost functions and is margin-based. To derive this algorithm, I will first create a notion
of training loss based on the margin violation at each training example. I will
then take the gradient of this proposed training loss to obtain the desired update. Following this, I will show how general misclassification cost functions can
be incorporated into the update and how the algorithm can incorporate kernels.
I begin by defining a notion of margin for the structured prediction problem.
Again suppose that we have some training example xi with the correct label yi . I
bi to be the best incorrect label for xi according to the current model. That
define y
is,

bi = argmax hΨ(xi , y), wi
y

(2.25)

y∈Y,y6=yi

We can then define the margin to be the amount by which the model prefers
bi as a label for xi . Because the difference in feature vectors will appear so
yi to y

bi ) = Ψ(xi , yi ) − Ψ(xi , y
bi ).
often in this section, I define the shorthand δ(xi , yi , y
The margin mi for a given training example is then:

bi ), wi
mi = hδ(xi , yi , y

(2.26)
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I continue by borrowing a margin-based formulation of training loss first used
in “logitboost” [29] for standard binary classification learning. In this formulation,
the training loss is a function of the margin at each training example:

bi ) = log(1 + e−mi ).
L(x, yi , y

(2.27)

This creates a training loss function that is zero-bounded and differentiable.
Figure 2.4 shows the relationship of the loss to the margin under this function.
Taking the gradient of this function with respect to the parameters of the
model (in this case, the vector w), yields the appropriate direction for the gradient
descent step, ∇L:

∇L =

dL
dw
d
(1
dw

(2.28)

+ e−mi )
1 + e−mi

(2.29)

=

d
(−mi )e−mi
dw
1 + e−mi

(2.30)

=

d
(−mi )
dw
1 + emi

(2.31)

=

The last line is the most general construction of the update term for structured
gradient boosting. Although I will focus on linear models7 for the remainder of
7

Linear in either feature space or kernel space.
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this thesis, we can note that the only assumption made here is that the margin is
differentiable with respect to the model parameters. If the training loss function
decreases monotonically to the global optimum and the learning rate is chosen
appropriately, the algorithm will converge.
If the learning rate is α, then the gradient update at each iteration of the
algorithm will be:

w ← w − α∇L

(2.32)

Specializing this update for the structured prediction case, we note that the
margin is given by Equation 2.26, and so:

−

dmi
bi )
= −δ(xi , yi , y
dw

(2.33)

Substituting into Equation 2.31:

∇L =

bi )
−δ(xi , yi , y
bi ), wi)
1 + exp(hδ(xi , yi , y

(2.34)

Recall the update term from the structured perceptron algorithm in Equation
2.24:

bi )
Ψ(xi , yi ) − Ψ(xi , y

(2.35)

The structured gradient boosting update, then, ends up being roughly the
same, except that the update is weighted by the margin violation at each training
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example. This could also be viewed as a re-weighting of the training set at each
iteration, as is done in adaptive boosting [79]. One could also view structured
gradient boosting as a self-tuning learning rate, where the size of the gradient step
is modified at the instance level based on the margin and the misclassification cost
at each example.

2.4.1 Incorporation of Misclassification Cost Functions
Drawing from previous work, it is reasonably straightforward to incorporate misclassification cost into the update term. One approach, as shown for SVM-struct
in Equation 2.21, is to rescale the margin [92]. That is, we widen the margin by
the misclassification cost, so that the margin violations are additively shifted. This
bi ) = log(1 + e−mi +∆(x,byi ,yi ) ). After y
bi is
gives a training loss function of L(x, yi , y
chosen, it can be treated it as a constant so that the derivative of the misclassifica-

tion cost with respect to the model parameters is zero. With this, we can re-derive
the update as follows:
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∇L =

=

=

=

dL
dw
d
(1
dw

(2.36)

+ e−mi +∆(x,byi,yi ) )
1 + e−mi +∆(x,byi ,yi )

(2.37)

d
(−mi )e−mi +∆(x,byi,yi )
dw
1 + e−mi +∆(x,byi ,yi )

(2.38)

1

d
(−mi )
dw
+ emi −∆(x,byi ,yi)

(2.39)

We notice that the inclusion of the misclassification cost has changed little
in the derivation. The weight of the update has simply been modified by the
misclassification cost at the example in question. We show the structured gradient
boosting update for completeness:

∇L =

bi )
−δ(xi , yi , y
bi ), wi − ∆(x, y
bi , yi ))
1 + exp(hδ(xi , yi , y

(2.40)

Another alternative is again to rescale the slack variables [92], as shown for
SVM-struct in Equation 2.21 so that the margin violations are multiplied by the
bi ) = log(1 +
misclassification cost. This gives a training loss function of L(x, yi , y

e−mi ∆(x,byi ,yi ) ), and the derivation proceeds as follows:
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∇L =

dL
dw
d
(1
dw

(2.41)

+ e−mi ∆(x,byi ,yi ) )
1 + e−mi ∆(x,byi ,yi )

(2.42)

=

d
(−mi )e−mi ∆(x,byi ,yi )
dw
1 + e−mi ∆(x,byi ,yi )

(2.43)

=

d
bi , yi ))
(−mi ∆(x, y
dw
1 + emi ∆(x,byi ,yi )

(2.44)

=

The structured gradient boosting update that results is:

∇L =

bi , yi )δ(xi , yi , y
bi )
−∆(x, y
bi , yi )[hδ(xi , yi , y
bi ), wi])
1 + exp(∆(x, y

(2.45)

Slack rescaling results again in only a scaling of the update term, but this time
the misclassification cost has far more influence on the update. Specifically, for
misclassification costs that are extremely large, the update will grow and shrink
much more quickly as the example moves away from the margin on either side. By
contrast, margin rescaling will only widen the margin boundary, while the rate of
growth of the update remains the same as in the uniform training loss case.
We can achieve a happy medium between these two by rescaling the training
loss according to the misclassification cost. This results in a training loss function
bi ) = ∆(x, y
bi , yi )(log(1 + e−mi )). Deriving the update:
of L(x, yi , y
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∇L =

=

dL
dw
d
bi , yi )(1 +
∆(x, y
dw
1 + e−mi

(2.46)
e−mi )

(2.47)

d
bi , yi ) dw
(−mi )e−mi
∆(x, y
=
1 + e−mi

(2.48)

d
bi , yi ) dw
∆(x, y
(−mi )
=
1 + emi

(2.49)

Specializing for structured prediction gives us:

∇L =

bi , yi )δ(xi , yi , y
bi )
−∆(x, y
bi ), wi)
1 + exp(hδ(xi , yi , y

(2.50)

In this case, the update size still scales with the misclassification cost, but not
quite as much as in the slack rescaling case. Exactly which version of training loss
one wishes to optimize is certainly domain specific and the choice could result in
dramatically different levels of performance.

2.4.2 Update Strategy
There are several different update strategies for the structured perceptron algorithm, each of which has its own possibilities and drawbacks, and each of which
may be applied to structured gradient boosting. In the original update [14] the
update terms are summed over the entire training set. This mega-update is ap-
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plied, and the process is iterated. This formulation allows for some theoretical
bi .
guarantees when there is exact inference available to compute y

Another update strategy [15] is to update at each training example individually

and iterate over the training data if need be. This offers no theoretical guarantees
but may converge more quickly in some situations.
A third update strategy is to sum the updates until a mistake is made in the
training set, then save the weights of the current model and apply the update.
The number of instances that the model predicted correctly before the mistake
becomes the model weight of the model, and predictions are made by a weighted
combination of the saved models. This voted perceptron algorithm [28] has some
nice theoretical properties, the most significant being margin-based error bound
for binary classifiers.
This work is not focused on the issue of update strategy, and so I will use
the first of these strategies for the remainder of this dissertation. It suffices to
say that changing the update strategy for a given domain may result in better
performance, though there is some empirical evidence to suggest that voting is
better than simply using the final vector [28].

2.4.3 Using Kernels
One benefit of both SVM-struct and the structured perceptron is that both algorithms can use the kernel trick to free them from the constraint of learning a
strictly linear model. The kernel trick [17] hinges on Mercer’s theorem, which
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states that there are certain functions8 that can be expressed as an inner product
in a different, possibly high dimensional space. More specifically, suppose we have
two vectors, a and b, and a kernel function K. Suppose further that the higher
dimensional mapping corresponding to K is ϕ, then:

K(a, b) = hϕ(a), ϕ(b)i

(2.51)

A linearly separating boundary in the space given by ϕ, may be a non-linear
boundary back in the original feature space. A feature of the algorithms under
consideration is that they depend only on the dot product for classification. Thus,
if we can replace all dot products in the algorithm with kernel evaluations, we will
be learning in the kernel space rather than the original feature space, transforming
the linear algorithm into one that is non-linear.
I show here that kernels can be easily incorporated into structured gradient
boosting as well. First, consider that the final weight vector, wn is just the initial
weight vector w0 , summed with all of the n subsequent updates, so that we have
the so-called dual form [17] of the problem9 .

wn = w0 + α

n
X
i=1

bi )
−δ(xi , yi , y
bi ), wi−1 i)
1 + exp(hδ(xi , yi , y

(2.52)

where wi indicates the vector that results from summing the first i terms in the
summation and α is the learning rate.
8

More specifically, the theorem refers to functions that are continuous, symmetric, and positive
semi-definite.
9
I use the uniform misclassification cost here, but the derivation generalizes easily to arbitrary
misclassification cost.
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At performance time and during learning, the algorithm chooses the best answer
given the current model. That is, upon getting a new example x∗ to classify, during
training or in performance, it chooses the y that maximizes hw, Φ(x∗, y)i. Where
w is the current model at learning time or the final model at performance time.
Equivalently, we can maximize:

∗

hw0 , Ψ(x , y)i + α

n
X
i=1

bi ), Ψ(x∗ , y)i
−hδ(xi , yi , y
bi ), wi−1 i)
1 + exp(hδ(xi , yi , y

(2.53)

Notice that the dot product is the crucial computation and at the core of
the algorithm. Again supposing the existence of the kernel function K and the
implied higher dimensional space ϕ, we first map all of the vectors into the higher
dimensional space:

hϕ(w0 ), ϕ(Ψ(x∗ , y)i + α

n
X
i=1

bi )), ϕ(Ψ(x∗ , y))i
−hϕ(δ(xi , yi , y
bi )), ϕ(wi−1 )i)
1 + exp(hϕ(δ(xi , yi , y

(2.54)

Substituting Equation 2.51 gives us the “kernelized” form of the algorithm, and
expresses the final model as a function of all of the updates.

∗

∗

K(wn , Ψ(x , y)) = K(w0 , Ψ(x , y)) + α

n
X
i=1

bi ), Ψ(x∗ , y))
−K(δ(xi , yi , y
bi ), wi−1 ))
1 + exp(K(δ(xi , yi , y

(2.55)
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Because Equation 2.55 is formed recursively, it looks for a moment like its
computation will require an exponential number of kernel evaluations. A little
thought, however, reveals that each update term can be saved at training time,
and the scalar denominator of the update incorporated into the difference vector
in the numerator. Thus, the final model requires only O(u) kernel evaluations at
performance time, where u is the number of updates.
The astute reader will note that many structured prediction applications may
not admit the kernelized algorithm. In particular, if the argmax of Equation 2.11
is computed analytically, we may not be able to use kernels as these analytical
algorithm tend to utilize the individual feature values and so cannot utilize the
implicit mapping to kernel space. In instances where this argmax can be computed
through exhaustive or heuristic search, kernels may offer important performance
benefits. Such a case is described below.

2.5 Multi-class Classification: An Instructive Example
Let us consider the domain of multi-class classification as in instructive example of
how structured gradient boosting can be applied. In this domain, the input space X
is a space of fixed length vectors ℜd representing the features of the input instance.
The output space Y is the space of the n classes that can be assigned to each input
instance, Y = y1, . . . , yn. What remains is do define the misclassification cost ∆
and the feature function Ψ.
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The misclassification cost is reasonably straight forward: We simply use the
loss matrix [77] of the given domain as the misclassification cost function. In the
absence of a domain-specific loss matrix, we can apply 0 − 1 loss10 here and retain
the generality of the approach. In this case:

∆(x, yi , y) =



 0

 1

if yi = y

(2.56)

otherwise

Finally, we must define the Ψ function. Although there are many definitions
that may be adequate, I will use the winner-take-all formulation followed in structural support vector machines [16, 92]. First, I define a binary vector representation
Λc (y) ∈ {0, 1}n for class labels in this domain where the ith element of the binary
vector is 1 if and only if y = yi, and zero otherwise. For example, if n = 3,
Λc (y2) = 010.
The feature vector will then be a the tensor product, ⊗, of this binary vector
with the original feature vector. For those unfamiliar with this operation:

⊗ : ℜd × ℜk 7→ ℜdk , (a ⊗ b)i+d(j−1) = ai bj

(2.57)

And the feature function is:

Ψ(x, y) = x ⊗ Λc (y)
10

(2.58)

that is, a loss matrix with ones in every location except along the diagonal where there are
zeros.
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This is provably equivalent [93] to the “stack of vectors” representation for
multi-class classification [16]. Essentially, if there are d features in the original
input vectors and n classes, each of the n segments of length d that comprise w
correspond to one of the classes in the output space. For a given segment, each
element represents the “influence” (positive or negative and how much) that the
corresponding element of the input vector contributes to the likelihood of the given
class being correct.
With the functions Ψ and ∆ in place, all methods of structured prediction apply
directly, including those of structured gradient boosting. Note that the inference
routine - computing the argmax of Equation 2.11 - is easy in this case if n is even
reasonably small, which is true for most multi-class classification problems: one
can simply enumerate the classes, compute the inner product for each of them,
and select the best one. This step will not be so easy in future applications and
will require either search or a more clever analytical computation of the argmax.
Tables 2.1 and 2.2 shows results on some of the datasets from the UCI machine
learning repository [5] . In particular, I use the ionosphere [84], iris [27], sonar [32],
balance-scale [83], pima-diabetes [87], and waveform-5000 [10] data sets. As points
of comparison, I use the classical support vector machine [33], 1-nearest neighbor
[2], naı̈ve Bayes [41], and decision tree [71] algorithms. I use the implementations
of these algorithms found in the WEKA [98] data mining package. Error rate is
computed using 10-fold cross validation.
For gradient boosting and classical support vector machines, I use polynomial
kernels. More precisely, I employ the kernel function:
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Support Vector Machine
1-Nearest Neighbor
Naı̈ve Bayes
Decision Tree
Gradient Boosting

ionosphere sonar iris balance-scale
11.40 24.04 4.00
12.32
13.68 13.46 4.67
13.44
12.38 32.21 4.00
9.60
8.55 28.85 4.00
23.36
12.42 25.96 3.73
12.01

Table 2.1: Ten-fold cross validation percent error for a selection of the UCI
datasets.

Support Vector Machine
1-Nearest Neighbor
Naı̈ve Bayes
Decision Tree
Gradient Boosting

pima-diabetes waveform-5000
22.65
15.71
29.81
32.58
23.69
16.09
26.17
27.96
34.53
16.51

average
15.01
17.94
16.32
19.81
17.52

Table 2.2: Ten-fold cross validation percent error for a selection of the UCI datasets
and the average percent error for all six datasets in Tables 2.1 and 2.2

K(a, b) = (ha, bi + 1)3

(2.59)

As we can see from the table, the algorithm is able to meet the performance
of these standard classification algorithms in many cases. As expected, the performance of gradient boosting is most closely related to that of the classical support
vector machine. Also as expected, the solutions found by gradient boosting are
usually not as good as the classical SVM solutions, but in most cases the difference
in error is not particularly large. The exception is the pima-diabetes dataset, which
has large amounts of inconsistent data and benefits from the strict regularization
of the classical SVM.

47
To summarize, I have developed a margin-based version of the structured perceptron update and showed that it can incorporate general notions of misclassification cost as well as kernels. I have also shown that it can be easily applied to
multiclass classification. Next, we will see how this update can be put to use to
solve structured machine learning problems.
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Chapter 3 – Learning from Demonstrations: A Simple Application
Here I show a reasonably straightforward and successful application of structured
gradient boosting1 . I attempt to use gradient boosting to perform learning by
demonstration. In this paradigm, a “teacher” presents a “student” with a plan
to accomplish a given goal, usually formalized in machine learning literature as a
sequence of actions. The student can then generalize the world state to which the
demonstrated plan applies to other states where the plan may also apply.
Often, the demonstration plan is one of an exponential number of plans that
may satisfy a given goal set, and in many domains (such as routing and scheduling),
satisfying the goals of planning may be almost trivial. The higher achievement
then, is to find a plan that satisfies the goal set optimally, or at least much better
than the average, randomly drawn, goal-satisfying plan. Implicit in the above
description is the notion that the demonstrated plan is one such “optimal” or
“much better than average” plan.
In the reinforcement learning literature, the student typically learns through
exploration. The student is allowed to take random actions in the world, and
whenever one of these actions is taken, a reward is given. Over the course of
many thousands of random actions, it becomes clear to the student which actions
and world states generate the most reward. The best sequence to accomplish the
1

This work was originally presented at the AAAI ’07 Workshop on Acquiring Planning Knowledge via Demonstration.
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given goal, then, becomes the sequence of actions that takes the student through
the sequence of world states with the highest reward. In this setting, learning
by demonstration guides exploration by “showing” the student a number of highutility states, thus eliminating the need to discover them by random exploration.
The primary goal of learning in this setting, then, is to generalize the demonstrations given in the training set to states not seen in the demonstration. One
simple way of doing this is to use the demonstrations to estimate the long-term reward obtained by taking a given action in a given world state. Clever, feature-based
representations of this value function allow generalization over the state space, but
this process still learns the objective function indirectly. That is, the above approach learns a value function over the entire state space and then attempts to
maximize the value of constructed path.
Using structured gradient boosting, I will construct a discriminative approach
to this problem that learns the objective, a function that discriminates good plans
from bad ones, directly.

3.1 Related Work
This work is related to two threads of work in machine learning. The first is inverse
reinforcement learning [63]. Here it is assumed that the demonstrated behavior
is the result of optimally solving a Markov Decision Process (MDP). The task is
to learn the unknown reward or cost function of the MDP from the demonstrated
trajectories of its optimal solution. One approach to this problem is to assume
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that all the other trajectories to be suboptimal and learn reward functions which
maximally distinguish the optimal trajectories from the suboptimal ones. Since the
number of suboptimal solutions is exponential in the size of relevant parameters,
this problem is similar to the structured prediction task and is tackled by a similar
iterative constraint generation approach. In each iteration, the MDP is solved
optimally for the current reward function, and if the optimal solution generates a
trajectory different from the demonstrated trajectory, it is used to train the next
version of the reward function which maximally separates the optimal trajectories
from the suboptimal trajectories [1, 75].
The task I study in this chapter, however, is more naturally formulated as
learning to act from demonstrations [43]. Unlike inverse reinforcement learning
that tries to learn the reward function, thus indirectly defining an optimal policy,
here I directly seek to distinguish good state-action pairs from bad state-action
pairs. Each state-action pair is described by a feature vector, and the optimal
state-action pairs are assumed to maximize a weighted sum of its features. Thus,
learning the weights of this optimizing function is sufficient to generate optimal
behavior. Unlike in inverse reinforcement learning, the weights need not correspond
to reward values. They merely need to distinguish good actions from bad actions
as well as possible.
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3.2 Structured Gradient Boosting for Plan Optimization
Our problem can be formulated as a structured prediction problem as follows: The
“examples”, x are states s ∈ S in this domain. The “class labels” y are actions,
a ∈ A. I will assume the misclassification cost ∆ is uniform2 in this case, for
simplicity.
The approach proceeds as follows: A set of “demonstrations” that take the
world from one state to another in a way that is optimal or near-optimal is given
as training data. I then attempt to iteratively learn a parameterized linear function
that correctly discriminates the optimal demonstration action from one drawn at
random. In each iteration, the algorithm selects, from a group of random actions,
the best “alternative” to each demonstration action given the current function.
Based on the demonstrations and the alternatives (that are to be avoided), the
algorithm computes a gradient at each parameter and take a step in this direction,
ideally away from the alternatives and toward the demonstrations.
To formalize this, I first define the function Ψ(s, a), which is the joint feature
vector that may depend on s, a, and/or the state of the world that results from
the execution of a in s. We seek a set of weights w that gives a higher value to the
demonstration action ai than to all other actions, given the state si . Specifically,
suppose that b
ai ∈ A is the best non-optimal action given the current weights:
2

“Uniform loss” in this case can either mean 0 − 1 loss, or a constant loss of 1 regardless of the
predicted class. Although the latter is semantically unusual, it has the mathematical consequence
of updating even when the correct answer is predicted. 0-1 loss only updates when the predicted
class is incorrect. Here we use constant loss of 1.
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b
ai = argmaxhw · Ψ(si , a)i

(3.1)

a∈A,a6=ai

The weights, then, must be engineered so that, for si ,

hw, Ψ(si, b
ai )i < hw, Ψ(si, ai )i

(3.2)

for all demonstrations {si , ai } ∈ T . This is a basic restatement of the familiar
structured prediction goal. Our margin mi at each training example {si , ai } ∈ T
can be stated without much difficulty:

mi = hw, Ψ(si, ai )i − hw, Ψ(s, b
ai)i

(3.3)

And the loss L at a single training example (si , ai ) directly follows, according
to Equation :

L = log(1 + exp(hw, Ψ(si, b
ai )i − hw, Ψ(s, ai)i))

(3.4)

Define the following notation for convenience:

δ(si , ai , abi ) = Ψ(si , ai ) − Ψ(si , b
ai )

(3.5)

Finally, suppose our current weight vector is wk . The gradient for the loss
expression can be derived at each feature in the representation as follows:
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∇L =
=

=

dL
dw

(3.6)

−δ(si , ai , abi ) exp(hw, Ψ(si, b
ai )i − hw, Ψ(s, ai)i)
1 + exp(hw, Ψ(si, b
ai )i − hw, Ψ(s, ai)i)
−δ(si , ai , abi )
1 + exp(hw, Ψ(si, ai )i − hw, Ψ(s, b
ai)i)

(3.7)

(3.8)

The new cost function is then wk+1 = wk − α∇L where α is the step size
parameter. We can then choose a new b
ai for each training example and recompute

the gradient to get an iteratively better estimate of w. Once the iterations are
complete, and we have a final weight vector, wf , we have successfully constructed
the function f from the problem formulation above:

f (s) = argmaxhwf , Ψ(s, a)i

(3.9)

a∈A

3.3 Empirical Evaluation
I perform experiments in the Wargus floor planning domain described below. My
general approach is to design several, not necessarily linear, objective functions
in this domain and attempt to learn them using the method described above.
These experiments show that learning a linear function in several simple features
is sufficient to approximate the behavior of these more complex objectives, even
where many of the features given are irrelevant.
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3.3.1 The Wargus Floor Planning Domain
Wargus is a real-time strategy game simulating medieval warfare. A subproblem
in Wargus is the planning of a military base whereby the layout of the buildings
maximizes certain quantitative objectives. In general, the goals are to maximize
the influx of resources and to survive any incoming attack. Figure 3.1 shows some
examples.
More specifically, I consider a simplified version of Wargus in which there are
two types of natural features on the map, which is an n × n grid. The first is a
gold mine, and the second is a forested area. On each generated map, there is one
randomly placed mine and four randomly placed forested areas. Our goal is to
place four buildings on the map so that our objective quantities given below are
optimized. These buildings are a town hall, a lumber mill, and two guard towers.
The town hall is a storage building for mined gold. The lumber mill serves the
same function for cut lumber. The towers are able to fire cannon in a given radius,
providing defenses for the base. Demonstrations take the form of a randomly drawn
map with the building optimally placed according to the objective function.
I postulate three such quantitative objectives based on user experience. For a
given map and placement of buildings, I calculate a number between zero and one
as a measure of how well each of these goals are satisfied.
• Defensive Structure:

In the case where there is a clear part of the map

from which an attack might originate, as much of this area as possible should
be covered by the attack area of the guard towers. Formally, suppose that
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tx (g) returns 1 if grid square g within the attack radius of tower x and
zero otherwise. If the battle front of a given map is composed of squares
g1 , . . . , gm , then the defensive quality d of a map with two towers is

d=

• Base Cohesion:

Pm

i=1 t1 (gi )

+ t2 (gi )

2m

(3.10)

It is beneficial to locate buildings close to one another.

This makes the base easier to defend from attack. Formally, if the locations
of the buildings are b1 , . . . , b4 then the cohesion quality c is computed as

c=

P4

i=1

P4

j=i+1 2n

− ||bi − bj ||1
.
12n

(3.11)

The factor 2n is the maximum distance possible between any two entities on
the map.
• Resource Gathering: The lumber mill should be located to minimize the
average distance between itself and the various forested areas, and the town
hall should be located as closely as possible to the mine. Formally, suppose
the town hall is at t, the gold mine at m, the lumber mill at l, and the four
forested areas at a1 , . . . , a4 . The resource gathering quality r of the base is
then:

P4

i=1

r=

2n−||l−ai||1
8n

2

+

2n−||t−g||1
2n

(3.12)
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The total solution quality is computed as a weighted combination of these
objectives: q = αd + βc + γr. We can then vary α, β, and γ to obtain a variety of
functions.

3.3.2 Domain Specifics
First note that in this domain, an entire plan, from start to finish, consists of
a single, factored action (the placement of all buildings). Thus, this is a special
case of general MDPs which allows us to unify reward function and discriminant
action-value function. However, our approach directly applies to general MDPs
where we can design a feature space that allows a linear discriminant function to
distinguish nearly optimal and suboptimal actions in any relevant states.
Our experiments are done on a 10 × 10 grid. Since there are four buildings
being placed, there are tens of millions of possible plans to consider for a given
map. To generate a negative example for each iteration of the algorithm (the b
ai of
Equation 3.2), the algorithm generates 10000 random plans and chooses the best

one according to the current model. The plans are pre-screened so that they are
valid placements (i.e., so that multiple buildings are not located on the same grid
square).
Given this, note that it is impossible to receive a perfect quality score of one
on all of these measures. For example, to achieve perfect quality on the resource
gathering measure, the lumber mill would have to be located on the same grid
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square as all of the forested areas, which would also have to be located on the
same grid square.
The features in the model are of two types. First, there is a feature for the
Manhattan distance between each building and each other entity on the map,
resulting in 4 × 9 = 36 features. There are also features for the distance from each
building on the map to the closest battle front square, which results in four more
features, for a total of 40 features. Note that many of these features (the distance
from either tower to any of the forested areas, for example) are irrelevant to plan
quality.

3.3.3 Experimental Results
In Figure 3.2 we see the results of boosting a random model for 30 iterations
according to our algorithm. We evaluate the model at each iteration on 20 different
random maps by choosing for each map, according to the model, the best in a
random sample of 10000 plans. The chosen plans are then evaluated according to
the optimal model. As the iterations of the algorithm progress along the horizontal
axis, the quality of the plan chosen by the model increases, as expected.
For reference, I plot the performance of the optimal model as well as the performance of a linear model with its weights randomly initialized, evaluated in the
same way as the boosted model. Note that the score of the optimal model varies
due to the fact that first, the optimal score of a map varies from map to map,
and second, the optimal plan may not be in the random sample. As can be seen
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from the plots in Figure 3.2, however, much of this variability is removed as our
experiments are repeated and averaged over ten trials.
In every case, the boosted function is able to learn a floor planning algorithm
that is closer to optimal than random. This is true in particular for Figure 3.2(b),
where the performance of the model converges to performance extremely close to
the optimal. This is because the cohesion and resource gathering quality measures
are almost directly expressible as linear functions of the given features. The defense
measure is not readily expressible as a linear function. However, we see in Figure
3.2(d) that we are even able to learn a reasonable model when the defense measure
is the only component of the objective. Finally, in 3.2(a), we see that that model
performs admirably when it is forced to trade off all of the various components of
the objective against one another.
Figure 3.3 shows learning curves for two of the objective functions from Figure
3.2. The number of training maps is plotted along the horizontal axis. Again,
as expected, more training examples improves performance. We see that, again,
we are able to learn more quickly when the defense measure is removed from the
objective. More important to note, however, is the scale of the horizontal axis.
For both objective functions, the algorithm is able to learn good models with only
10 to 15 training traces, even in the presence of many irrelevant features.
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(a) An example of poor base cohesion.

(b) An example of good base cohesion.

Figure 3.1: Examples of floor plans in the Wargus domain.
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Figure 3.2: Boosting curves for four objective functions in the Wargus floor planning domain. The training set contains 15 maps.
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Figure 3.3: Learning curves for two objective functions in the Wargus floor planning domain.

62

Chapter 4 – Sequence Matching and Retrieval
Sequence alignment and retrieval has grown to become a problem of considerable
interest in the computer science literature. The problem, briefly stated, is as
follows: We are given a target set of sequences and a query sequence that is a
noisy version of one of the targets. We must design an algorithm that maps the
query to the correct target for all possible query sequences.
The sequences can be any type of sequentially ordered data. In biological
sequence analysis [25, 4, 3], we are given a query protein with unknown secondary
structure (sequence of amino acids) and a target set of sequences with known
secondary structure. By finding the “correct” match in the target set, we can
predict the secondary structure of the unknown protein. In speech recognition [72]
our target set is a dictionary of phoneme sequences, representing words, and the
query is a phoneme sequence spoken by a person. The paradigm has also been
applied to plant identification [85] and music information retrieval [82].
Here, I present an introduction to sequence matching and the adaptation of
two previous approaches to solving this problem.
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4.1 Dynamic Programming Sequence Alignment
Our intuition for sequence alignment is shown in Figure 4.1, using the words CABIN
and DRAIN1 . We wish to line up letters that match, and consider the ones that only
appear in one sequence or the other as lining up with nothing at all. Let us
introduce some terminology to describe the situation. Suppose we call the word
CABIN the target sequence and the word DRAIN the query. If, in the given alignment,
there is a target character that pairs with no query character we will call this a
deletion, as it is not found in the query. Similarly, if there is a query character
that pairs with no target character, we will call this an insertion. If two characters
are corresponding, they are called a match. Thus, each of the seven steps in the
alignment below can be marked with an i, d, or m as is appropriate.
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Figure 4.1: A Lexicographical Example of Sequence Alignment

The original dynamic programming algorithm for sequence alignment is attributed variously to Smith and Waterman [88] and Levenshtein [48] and is based
on finding highest probability alignment of the two sequences. What exactly I
mean by highest probability will be defined momentarily.
Suppose we have two sequences, t and q. Let us further suppose that we know
a distribution P that describes the relative frequencies of certain events occurring
1

With thanks to [57] for the example.
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in the alignment of these two sequences. For example, P (t, q), is the probability
that character t will match character q in a given sequence alignment, P (−, q), the
probability that the character q in the query was inserted and does not correspond
to anything in the target, and P (t, −) is the probability that the character t was
deleted in the target and corresponds to nothing in the query.
Now we can consider the basic recursion. If we start at the beginning of both
sequences, by considering t1 and q1 , we see that we only have three options for
this pair of characters: If the two characters match, we move on to the next pair
of characters. If q1 was inserted, we next consider t1 and q2 , and if t1 was deleted,
then we next consider t2 and q1 .
Since we do not know which of these three will be the best choice in the long
run, we simply compute all three alternatives and choose the best one. Now we
can construct the most probable alignment of t and q, starting at ti and qj :




P (ti , qj ) ∗ maxAlign(i + 1, j + 1, t, q)



maxAlign(i, j, t, q) = max P (−, qj ) ∗ maxAlign(i, j + 1, t, q)




 P (ti , −) ∗ maxAlign(i + 1, j, t, q)
with the base cases:

(4.1)
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i = |t| ∧ j = |q| → maxAlign(i, j, t, q) = 1
i = |t| ∧ j 6= |q| → maxAlign(i, j, t, q) = P (−, qj ) ∗ maxAlign(i, j + 1, t, q)
i 6= |t| ∧ j = |q| → maxAlign(i, j, t, q) = P (ti , −) ∗ maxAlign(i + 1, j, t, q)
(4.2)
and the distance function becomes the negative logarithm of the highest probability alignment of the two sequences, starting from the beginning of each one:

d(t, q) = − log(maxAlign(1, 1, t, q))

(4.3)

Of course, this recursion is exponential in the lengths of both t and q. Equally
obvious is the dynamic program that makes the algorithm O(|t||q|): We simply fill
a |t| × |q| matrix with the score of the best possible alignment up to that point as
it is computed. Future recursive calls first reference the matrix rather than doing
redundant computation.
In some domains, we would like to compute alignments that do not penalize
prefixes or suffixes in the target or query as is appropriate, and this is easily
achieved by modifying the base cases for the recursion above. For example, if
we add the condition that maxAlign(i = |t|, j, t, q) = 1 we have a version of the
function that does not penalize suffixes in the query. When i reaches the end of
the target, j will continue to the end of the query with no penalty. This is gone
over in more detail in [57].
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Some interesting extensions to this basic algorithm are discussed in [61] where
it is posited that there should be another branch in the above recursion for the
case where a single event in the target maps to two events in the query:

P (ti , qj , qj+1 ) ∗ maxAlign(i + 1, j + 2, t, q)

(4.4)

This condition is referred to as fragmentation. Similarly, consolidation refers to
the condition where a single event in the query matches two events in the target:

P (ti , ti+1 , qj ) ∗ maxAlign(i + 2, j + 1, t, q)

(4.5)

This can be taken to its logical extension, whereby we consider matching
{0, . . . , n} in the target to {0, . . . , n} events in the query, giving (n + 1)2 branches
in the recursion. This idea is gone over in detail in [97]. The evidence presented in
these papers is domain-specific and only marginally convincing. For the remainder
of this dissertation, I will use only the three types of events described above (insert,
delete, and match).
Another interesting point is made by [25]: Often ad-hoc penalty methods are
used in the context of this algorithm. For example, one may define a set of costs,
c, as a substitute for the underlying distributions:



0 if x = y



c(x, y) =
1 if x = - or y = 



 2 otherwise

(4.6)
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Figure 4.2: The basic hidden Markov model

with the Smith-Waterman algorithm redefined such that first, we add rather
than multiply the values from the recursion, and second we choose the lowest cost
alignment rather than the most probable alignment.

4.2 Hidden Markov Models
One of the chief techniques that has overtaken the traditional dynamic programming method of sequential alignment is the Hidden Markov Model. Here I give a
basic outline, again assuming the reader is at least somewhat familiar with Bayesian
inference. For those who are looking for a survey with more depth, they may consult [78] for a general overview or [72] for a more sequence-specific discussion.
The standard Hidden Markov Model is a sequence of hidden states and emission
or observation states, as shown in Figure 4.2. The states in the model correspond
to characters in the sequence. The hidden states correspond to a target sequence
and the emission states to a query.
There are a few obvious difficulties here: First, the prototypical HMM assumes
that the lengths of the target and query match - that there are no insertions
or deletions. Second, note that this model requires two separate distributions,
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P (ei , hi ) just as defined above, but also Pt (hi , hi+1 ), the transition model. This
gives us yet another set of parameters in this model that must be either learned
or estimated by hand. The former difficulty will be dealt with momentarily.
To find the probability of a sequence of emissions, e1:t = {e1 , . . . , et }, we simply
compute the probability of the initial hidden state, P (h1 , e1 ), then pass the socalled “forward message” on to the next state: First we update P (h2 ) given our
new values for P (h1 ):

P (h2 , e1 ) =

X

P (h2 |h1 )P (h1 , e1 )

(4.7)

h1

where the use of non-boldface type indicates that each possible value of that
variable is considered.
The second step is to estimate the joint distribution of h2 , e1 , e2 using the new
evidence:

P (h2 , e1 , e2 ) = P (h2 , e1 )P (e2 |h2 )

(4.8)

Obviously, we can continue this process recursively, for t steps, until we obtain
P (ht , e1:t ). We then simply sum over ht to obtain the likelihood of the emissions
(query) with respect to the hidden states (target).
The shortcoming here, of course, is the lack of support for inserted and deleted
characters. There are several model topologies that resolve this difficulty, but one
of the more common ones is shown in Figure 4.3. We have simply added insertion
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Figure 4.3: A Model Topology for Matching Arbitrary-length sequences to the
word CABIN.

and deletion states at each character in the target model2 . The distributions over
these states are populated by the distributions P (−, q) and P (t, −).
This type of model describes the process of generating an arbitrary length query
sequence from a target sequence. In this particular case, the model is describing
the process of generating a query sequence given the target sequence CABIN. Figure
4.3 is the model of a particular target in our database. Suppose we use this model
to explain the process of generating the word DRAIN given this target model. In
Figure 4.1, we have the alignment of the two words. Recall that each pair of
characters in the alignment can be described as a match, insertion, or deletion.
We thus have a sequence of alignment events, in this case {i i d m d d m m}. If
we have constructed our model correctly, this sequence will specify a unique path
2

Note that this model is for a target sequence of length 5, but can be extended to any length
without loss of generality.
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Figure 4.4: The Generation of the Query DRAIN from the Target Model for CABIN.

through the model. We show this path in Figure 4.4 with the emitted characters
on the transition arcs.
It is straightforward to explain the generation of the query from target model.
First, before we encountered the first letter in the target, we inserted D and R.
Then, we deleted the first character, C, from the target. Then, the letter A in the
target generated a matching A in the query. We can proceed like this until we
reach the end of the path.
Note that the mathematics has not changed much. The emission states that
should be connected to the m and i-type states3 of the target model have been
combined with the hidden states in the interest of simplicity, but we still compute
probabilities of query given target. That is, m states and i states consider the
current query character as well as the current target character. This gives us a
3

d-type states, of course, do not emit a character - remember that delete states correspond to
target characters that are not paired with query characters.
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little extra bookkeeping to do. For the traditional model in Figure 4.2, we simply
step forward, update the probabilities at the current state, and step again. Here,
the step at each state goes three ways, and we may or may not “burn” a query
character at each step. This sounds like it becomes exponential - but often as we
step forward, paths will meet, and we can simply sum their probabilities together
at that point. In fact, since there are 3|t| + 3 states in any target model, and only
|q| places in the query, we retain O(|t||q|) complexity for the forward algorithm.
So we know that we can use the forward algorithm on this model by keeping
track of where we are in the query, making sure to go in all possible directions, and
summing redundant paths as we go. However, let us be a little more precise about
the mathematics involved here, and relate it to the Smith-Waterman algorithm.

4.3 Discussion
Although I have explored two different models, they are actually quite similar.
First, let us assume that, rather than summing the likelihood over all possible paths
(or alignments) through the hidden Markov model, we pick the most probable one
as an approximation. This is the Viterbi algorithm and requires only a modest
extension to the forward algorithm described above4 . This gives us, as in the top
row of Figure 4.1, a list of alignment states a through the target model t, and
a list of symbols in the query sequence, q. Define ql(i) as the query character
4

The extension is, in essence, that we must remember the most likely path up to the current
timestep as we advance through the model. See [78] for more details.

72
corresponding to the ith state in the alignment and tm(i) as the corresponding
target character. For example, ql(2) = R and tm(6) = I.
The probability of the list of states with respect to the query, then, is just a
product over the probability of each state:

P (q, a|t) = P (E|a|a| )

|a|
Y

P (ai |ai−1 )P (ql(i) |ai , tm(i) )

(4.9)

i

where P (E|a|a| ) is the probability of the final transition into the end state of
the model shown in Figure 4.3.
Note that if ai is a delete state, there is no observation P (ql(i) |ai ) and we set
this term to P (tm(i) , −) If ai is an insert state, then P (ql(i) |ai ) = P (−, ql(i) ) and if
ai is a match state, P (ql(i) |ai ) = P (ql(i) |tm(i) ). To be a little more formal:



P (tl(i) , −)



P (ql(i) |ai , tl(i) ) =
P (−, ql(i) )




 Pm (ql(i) |tm(i) )

if ai is a delete state
if ai is a insert state

(4.10)

if ai is a match state

The transition probabilities are split similarly. More details can be found many
other places in the literature [46].
Moving to the Smith-Waterman algorithm, the basic recursion tells us that the
maximal path through the model will also be a simple product over the list of
“states” in the alignment. Again, if the algorithm returns an alignment a of a
target t and a query q:
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P (q, a|t) =

|a|
Y

P (ai )P (ql(i) |ai , tm(i) )

(4.11)

i

where we define P (ql(i) |ai , tm(i) ) just as above. If we assume that all alignment
events are equally likely given no evidence, then P (ai ) drops out and we are left
with the recursion in Equation 4.1.
Thus we see that, in the end, both of these techniques require the same thing:
a set of probabilities or costs that give properly discriminating distances between
target and query sequences. Throughout these last sections, I have assumed that
we have access to the “true” generative distribution of the domain, but this is
almost never the case. Usually, these parameters must either be estimated by
hand [59] or learned from data. As the former requires significant engineering by
a domain expert, the latter becomes the preferable method.

4.4 Learning Distance Functions
In the previous chapter, we saw that whether sequences are aligned using the
Smith-Waterman algorithm or aligned using hidden Markov models, the correct
specification of the parameters of these algorithms is crucial to their success. Ideally, we would like to specify parameters that promote proper discrimination between correct targets and incorrect ones. That is, we would like the distances
computed by our alignment algorithms to be low when the distance is between a
query sequence and the correctly matching target, and high otherwise.
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Unfortunately, the specification of these parameters may require expertise in
the domain and significant time. A better approach, it seems, is to learn the
correct parameters (costs) for these models from training data. Below, I discuss
two methods for learning these costs, and point out some of their shortcomings.

4.4.1 Generative Learning
The generative approach to learning cost functions assumes a probabilistic model
for generating queries from target sequences [25]. The model specifies the probability of various edit operations and a query is “generated” from a target sequence
by applying the various operations to the target according to their probabilities.
The goal of the generative learning process, then, is to produce estimates of these
probabilities based on the given training alignments. Under this model, the probability of a particular alignment of two sequences is simply the product of the
probabilities of each edit operation in the alignment. The distance between the
sequences is then the negative logarithm of the probability of the alignment.
Under this model our cost functions become the negative logarithms of the edit
operation probabilities:
c(t, q) = − log(P (q|t, e = match)P (e = match))
c(−, q) = − log(P (q|e = insert)P (e = insert))
c(t, −) = − log(P (t|e = delete)P (e = delete))
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where P (e) is the probability of generating edit operation e, P (q|t, e = match)
is the probability that query symbol q is generated when a match operation is
applied to target symbol t, P (q|e = insert) is the probability that query symbol
q is inserted by an insert operation, and P (t|e = delete) is the probability that
target symbol t is deleted by a delete operation. Once these costs are in place,
we can use them in the “addition” version of the Smith-Waterman algorithm as
described above.
Now suppose we are given a training set S of alignments, where each training
example in S is a triple (t, q, a) of a target t, query q, and corresponding alignment
a that we interpret as the optimal alignment of t and q. We can use counts of the
edit events in S to estimate the above probabilities. For example, let #S (p) be the
number of events in S for which p is true. Then to estimate c for a particular pair
of characters ti and qj :
P (q = qj |t = ti , e = match) =
P (e = match) =

#S (q=qj ,t=ti ,e=match)
#S (t=ti ,e=match)
#S (e=match)
n

and similarly for the cases where ti or qj are equal to the null character, “-”. This
is standard maximum-likelihood estimation for discrete probability models. Note
that this formulation assumes that the query and target sequence elements are
from discrete finite domains. This assumption has been predominant in generative
approaches for sequence alignment.
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4.4.2 SVM-align
Without too much difficulty, we can fit the sequence alignment problem into the
SVM-struct formalism. The Smith-Waterman algorithm is used to compute the
feature vector Ψ, whereby a target and query are optimally aligned and the events
from that alignment counted into the feature vector. The parameters of the model,
w are the costs of each possible replacement (given by c(a, b) above, so that the
size of w is roughly the square of the alphabet size5 ).
To relate this to standard edit distance learning, suppose we treat the usual
inner product as an inverse distance or similarity metric, so that higher values of
the inner product represent decreased proximity

d(t, q) = −hw, Ψ(t, q)ii

(4.12)

Our goal, as expected, is to learn weights w such that for all query-target
pairs, the distance of the correct target ti is greater than that of all other targets
in T . For this purpose, SVM-align tries to find weights such that for each training
instance (ti , qi ) we have,

∀t 6= ti ∈ T , hw, Ψ(qi, ti)i − hw, Ψ(qi , t)i > 0

(4.13)

This can, as shown in Section 2.3.1, be formulated as a constrained optimization
problem and be solved as a series of quadratic programs, with results that have
strong theoretical guarantees.
5

It is slightly greater than this due to insertion and deletion cost.
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4.4.3 Comparison of Learning Methods
I have explored in detail the history of sequence alignment and two basic methods
of learning distance functions in sequence alignment domains. I will now note
some of the problems with these methods and motivate a new method for learning
distance functions in sequence alignment domains.

4.4.3.1 The Generative Method
There are at least two problems with the generative learning method: First, the
generative training of the model does not take advantage of the discriminatory
nature of the underlying task, and only correct target-query alignments are used
in the training process. For example, if there is a small set of features that can
uniquely identify a target, it makes sense to learn to recognize them, rather then
having to learn a full generative model, which might be quite complicated. There
are many examples from the machine-learning literature showing that discriminative training often significantly outperforms generative approaches [47, 91].
Second, it seems that there is no way to extend the learning process so that
the reward behavior of one sequence element can be applied to another, except in
domain-specific instances. That is, the sequence elements are treated as atomic
entities with no internal structure that facilitates generalization. This generalization crucial in domains where the number of characters in the sequence alphabet is
high (or infinite) and there is little training data available. In these cases previous
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approaches have resorted to guessing parameter values [58] or making simplifying
assumptions [66] or both [69].
I note that while most prior generative approaches have assumed that sequence
elements are unstructured, it is possible to extend them to exploit structured
elements. This requires selecting a suitable probabilistic model for the data types
of the sequence elements. For example, if the elements are real-valued vectors,
Gaussian models may be appropriate. However, selecting an appropriate model
for a particular application is often quite difficult, requiring experimentation and
insight into the problem. Our approach described below can be viewed as a way
to avoid the need to explicitly make such choices.

4.4.3.2 SVM-align
While SVM-align provides a powerful discriminative approach to sequence alignment learning, it still does not address the second concern from the previous subsection. Since the current implementation of SVM-align is based on the count-based
feature representation described above, we still must utilize a discrete, unstructured domain for the sequence elements. Thus, we are still unable to generalize
to characters not present in the training data, and we are still forced to “flatten”
our representation of the sequence to a one-dimensional character set. In addition,
the solving of multiple constrained optimizations requires a great deal more time
than the generative approach. Although the running time is polynomial in the size
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of the training set, the SVM-align formalism is still typically orders of magnitude
slower than the generative approach.
Though an implementation is not available, this theoretical framework does
allow for extension to more structured sequence elements. In particular, the reward functions can in general be any linear combination of features of the sequence
elements. These features, however, must be hand-engineered. Such feature engineering can be quite tedious and requires significant insight into the domain. Our
approach described below will attempt to address this shortcoming.
Finally, neither of these approaches attempt to address efficiency in their learning process: Although both approaches may yield cost functions that properly
discriminate between correct and incorrect targets, we must still compute the distance for each target in turn in order to find the closest one. In Chapter 6, I will
present a method of learning these distance functions that can optimize retrieval
efficiency as well as retrieval accuracy.

4.5 Structured Gradient Boosting for Sequence Retrieval
In my motivating application of music retrieval, the sequence elements are vectors of real-valued features extracted via standard music processing. As previously
stated, a straightforward application of SVM-align or standard maximum likelihood estimation requires flattening the vector space into single character elements,
which as discussed previously can be undesirable. In addition, extending the above
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approaches to directly utilize the element structure requires significant insight into
the domain.
Here, I will apply structured gradient boosting directly to solve this problem. In
particular, the vector w will be the replacement costs given by c(a, b) above. However, by representing the gradient step ∇L as a function of which we know certain
points, rather than as a vector, we will see that we are able to leverage structure
and regularity within the symbol alphabet to speed up the pace of learning the
distance function.
The first step in applying structured gradient boosting to this problem is to
select a suitable notion of margin. A reasonable definition for the margin in this
application is the difference, for a given query qi , between the distances to the
correct target and the closest incorrect target. Suppose that ti is the correct
target for query sequence qi and t̂i is the closest incorrect target for this query. If
the distance between a target t and a query q is d(t, q), then the margin for query
qi is:

mi = d(tbi , qi ) − d(ti , qi )

(4.14)

and accordingly the loss function for the query example qi to be:

log(1 + exp(d(ti, qi ) − d(bti, qi )))

(4.15)

We can express the distance function, d as a sum of the costs for the various
events in the alignment. To do this, let us define define f (a, b, xi , yi ) to be the
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number of times that character a is replaced by b in the best alignment of sequence xi with sequence yi . Note that, in structured prediction, higher values for
positively valued features imply that the match between input and output is better. In distance metric learning, the opposite is the case. To resolve this, we must
negate the sum to make a semantically appropriate distance. Thus the distance
function can be written as:

d(t, q) = −

XX
a

c(a, b)[f (a, b, t, q)]

(4.16)

b

In the case where the alphabet is finite, we can create the feature vector Ψ(q, t)
that would extract a vector of counts of replacement events, one for each replacement (a, b). Creating this vector requires the alphabet to be finite as it relies on
the ability to enumerate all possible characters. In this case, there can be a oneto-one correspondence between elements of a parameter vector w and the function
c(a, b), and:
XX
a

c(a, b)[f (a, b, t, q)] = hw, Ψ(q, t)i

(4.17)

b

However, this creation of a fixed-length parameter vector is exactly the step
that ties us to a discrete character alphabet. For now, I will eschew the vectors
Ψ and w in favor of the functions f and c, respectively. The summation above
can be computed efficiently even for continuous character alphabets because there
will always be a finite number of events in the alignment of t and q, and we may,
equivalently, sum over these events rather than all possible character pairs (a, b).
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With this formulation, the learning process, which is a direct application of
structured gradient boosting, is to iteratively learn the function c(a, b) in order
to minimize the loss function. More specifically let ck be the cost function after
k iterations. Initially c0 is set to be a human provided function, perhaps based
on prior knowledge or uninformative. Given ck the algorithm computes ck+1 by
approximating the functional gradient ∇Lk+1 of the loss function with respect to
ck and then setting ck+1 = ck − ∇Lk+1 . This tends to move ck+1 in a direction
that decreases the loss function. The iteration repeats until a stopping condition
is reached (e.g. a specified number of iterations). The key step of this process is
to compute the approximate functional gradients, which I now describe.
To approximate the functional gradient δk+1 the algorithm will calculate the
value of this gradient at each query-target symbol pair (a, b) in the training data,
noting that for large structured alphabets many possible (a, b) pairs will not appear
in the training set. This provides a training set {h(a, b), ∇Lk+1 (a, b)i} which can be
passed to a function approximator yielding an approximation Tk+1 that generalizes
across all possible pairs (a, b). This is essentially the approach taken in [22] for
training conditional random fields.
In each iteration, then, ck (a, b) = c0 (a, b) − α

Pk

i=0

Ti (a, b) so that calls to k

function approximators are required for the evaluation. I give psudeocode for the
learning algorithm in Figure 4.5. The key step in creating the training set is to
compute the functional gradient of the loss function for a given pair.
For convenience define δfi (a, b) for training example i to be,
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Figure 4.5: The accuracy boosting algorithm
T is a set of target structures, Q is a training set of query sequences (for which
correct targets are known), and ck is the set of costs at iteration k. ∇L is set of
training examples for learning the functional gradient, and Compute-accuracygradient is a function that returns a list of examples to be added to this set. n
is the number of boosting iterations.
function Boost-accuracy(Q, T , ck )
for k = 0 to n do
∇Lk+1 (a, b) = 0, ∀(a, b)
for all qi ∈ Q do
∇Lk+1 ← ∇Lk+1 + Compute-accuracy-gradient(qi, T , ck )
end for
S = {((a, b), ∇Lk+1 (a, b))}, ∀a, b
Tk+1 ← Learn-regression-tree(S)
end for
end function

δfi (a, b) = f (a, b, ti , qi ) − f (a, b, bti , qi , )

(4.18)

With these definitions, we can combine Equations 4.15 and 4.16 and derive the
functional gradient at pair (a, b) is derived as follows:

∇L( a, b) =

=

=

∂L
∂ck (a, b)
−δfi (a, b) exp(d(ti , qi ) − d(bti , qi ))
1 + exp(d(ti, qi ) − d(bti , qi ))
−δfi (a, b)
1 + exp(d(tbi, qi ) − d(ti, qi ))

(4.19)

(4.20)

(4.21)
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Intuitively, the gradient function modifies the weights so that the training loss
decreases at each iteration. In this way, I have maintained the discriminative learning aspect of SVM-align. However, my approach is much more computationally
efficient and able to generalize over the character space. I accomplish both of
these goals by training regression trees to approximate each functional gradient
∇Lk . Of course, any other function approximator could be applied to the training
data. This bodes well given the amount of work on function approximation that
can be found in the literature.
Note also the crucial representational advantage over previous approaches. Because the gradient is a function, it may take arguments that are real-valued, vectorvalued, or even structure-valued. We are no longer tied to a fixed set of replacement
events. The gradient trees learned may be saved until performance time, much like
in the standard dual problem. They can then be treated as variably-sized weight
vectors, where the size of the weight vector is dictate by the ensemble of gradient
trees learned. This, in some sense, is a form of feature induction in that the space
of characters is not dictated by ad-hoc assumptions, but actually arises as a side
effect of the learning process.
During inference, the “dot products” between f and ck can be efficiently computed because we may treat f as being zero for all pairs (a, b) not in the alignment
of the target and query. Thus, we simply enumerate the pairs in the alignment,
and sum the calls to the k function approximators for each pair to obtain the
alignment score.
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4.6 Empirical Analysis
This approach will first be evaluated on the synthetic domain explained below.
For these tests, we use sequences of length 5 and a target set of size 50. Error is
measured as the fraction of queries classified incorrectly.

4.6.1 Synthetic Domain
In [40] a synthetic sequence matching domain is introduced. In this domain, sequences are drawn from an alphabet of 20 characters. Target sequences are randomly generated over this alphabet. Query sequences are generated for a given
target according to the following procedure:
1. With probability 0.2, generate a random element in the query (an insert
event).
2. With probability 0.4, generate a match event where if the target element is
t, the matching element in the query is (t + 1) mod 20. Move to the next
element in the target.
3. With probability 0.2, generate a match event where if the target element is
t, the matching element in the query is also t. Move to the next element in
the target.
4. With probability 0.2, move to the next tuple in the target (a delete event).
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This simple domain is sufficient to test a general sequence retrieval algorithm,
but we wish to test, in addition, the algorithm’s ability to exploit structure in
the sequence alphabet. To this end, I introduce a slightly different version of the
domain above. In this new version, the elements of the synthetic target sequences
are tuples (t1 , t2 ) where t1 is an integer in the range (0, 9) and t2 is an integer in the
range (0, 29). We generate 10 random sequences of five elements each as our target
set in the accuracy experiments, and a target set of 2000 ten-element sequences for
the efficiency experiments. To generate a query, we select a random target from
the set. Beginning at the first tuple in the sequence, we use the following model
to generate a series of query tuples of the form (q1 , q2 ) and drawn from the same
domain:
1. With probability 0.3, generate a random tuple in the query where q2 ≥ 15
(an insert event).
2. Else, if t2 < 15, generate a match event. If the target tuple is (t1 , t2 ), the
matching tuple in the query is (t1 , t2 + 1 mod 30). Move to the next tuple
in the target.
3. Else, move to the next tuple in the target (a delete event).
In short, I have introduced a threshold of t2 < 15 into the domain. In theory,
the proposed learning algorithm will learn quickly that sequence elements with
t2 < 15 are likely to be matched in the target sequence. Elements with t2 ≥ 15 are
usually insert events when present in the query, or delete events when present in
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the target. This ability to generalize the cost behavior of one character to that of
another will result in superior distance functions with less training data.

4.6.2 Experimental Results
Results for accuracy learning in the synthetic domain are shown in Figure 4.6. Here
we see the full power of the gradient boosting approach. SVM-align is generally
able to outperform the generative approach, but at a training set size of about 15
sequences, the gradient boosting method is able to learn a trick of the domain that
allows it to learn a much more accurate cost function
Finally, we have the respective running times of gradient boosting and SVMalign shown in Figure 4.7. Although both appear to be linear in the size of the
training set, the constants involved for SVM-align appear to be much larger, growing to nearly a half hour of training time on a training set as small as 40 sequences.
Also note that SVM-align is implemented as highly optimized C, whereas the tests
for gradient boosting were run with interpreted Java. The actual difference, therefore, is in reality much larger than the one shown.
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Figure 4.6: Accuracy boosting results in the synthetic domain.
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Chapter 5 – An Application to the Query-by-Humming Problem
There is a large and growing literature on the “query-by-humming” problem. In
this problem, our set of target sequences is a set of songs (such as a private music collections, or all songs on all CD’s available from amazon.com). Our query
sequence is given by a user in some aural form. That is, the user attempts to
render all or part of one of these songs by humming or whistling the song into
a microphone connected to the computer. The goal is then for the computer to
return a list of songs similar to the one sung by the user.

5.1 Domain Overview
There are several approaches for transforming the users sung data into a sequence of
elements that can be matched to sequences in the target database. The foundation
of all of them are the basic ideas of pitch and time. When a user sings a query,
they sing a series of different frequencies, or pitches, as time elapses. Thus, each
element, or note, in the query sequence must be at least a duple, one value for
the pitch that the user is singing and another value for how long they sing this
particular pitch.
Central to the parsing of the users query into a sequence of elements are the
processes of pitch recognition and note segmentation. In pitch recognition, the
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query audio is split into a number of “frames”, each on the order of 0.01 seconds
in length. The strongest pitch of that frame (ostensibly the one the user is trying
to sing) is detected using frequency-domain auto-correlation [9] or time domain
methods [31].
After each frame is assigned a pitch, consecutive frames of like pitch are often
grouped together to form notes. This can be very difficult as there is usually a
region of uncertain pitch between the end of one pitch and the beginning of the
next. Many systems [74, 30, 44, 45, 66] have users sing syllables such as “TA” or
“FA” rather than the actual lyrics of the song. The leading consonant introduces
an artificial peak in the audio that is easy to detect and makes note segmentation
trivial. Most other systems use hand-coded algorithms that work well on their
datasets [57]. Some success has also been reported using neural networks for this
task as well [59]. In Figure 5.1 we see a graphical depiction of the pitch detection
and note segmentation processes.
Once the frames of audio have been assigned a pitch and grouped into notes,
the data must be represented as a sequence for sequence matching. The structure
of the elements of this sequence is not obvious and the choice of representation is
crucial to the success of the system.

5.1.1 Pitch Representation
In terms of pitch, there are a variety of ways in which a user query can be represented. In many of the first query-by-humming studies [30, 44, 52] and even
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Figure 5.1: The processes of pitch detection and note segmentation.
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some later ones [69, 73, 56] the representation of the sung query is contour-based :
Rather than storing an absolute value for the pitch of each note, a relative value
is stored. This value gives the positive or negative interval between the current
note and the previous note. In this way, the query becomes pitch invariant. That
is, because we only store relative values, the user may choose to start at any pitch
so long as the relative values of the melody are maintained as it is rendered. The
use of contour (relative values) to store melody has its roots in psychology [49, 24]
and is generally accepted in the query-by-humming literature1 . In addition, this
has the advantage of avoiding the requirement that the users have perfect pitch
(the ability to distinguish one pitch from another with no aural context), which is
exceedingly rare.
The resolution at which the user melodies should be represented is also a point
of contention. Because the pitch interval from one note to the next is real-valued,
most previous systems “bin” this value in order to obtain a representation with a
finite alphabet. Most of the early systems [74, 30, 52] relied on extremely coarse
“UDR” representations, which only tell whether the current note is higher (U)
lower (D) or at the same pitch (R) as the previous one. The initial thought was
that most human singers could not render a melody with more precision than this
three character alphabet could represent. However, several studies soon proved
this contention incorrect [51, 66, 11] and several other studies showed that finer
alphabets would make systems much more accurate [94, 89].
1

A dissenting opinion is offered in [60]. Also note that there exist several systems that use
absolute pitch [59, 26] as the melodic representation, so the idea of using relative pitch is by no
means the last word.
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In more recent systems, the alphabet size for contour has increased, first to five
then to nine possible values [69, 56]. The most recent systems use a full semitone
representation for contour, which gives a value for every key on the piano going one
octave in either direction [66, 11]. This gives 27 possible values for the contour.

5.1.2 Time Representation
As with the pitch, the value for time is often stored as a value relative to the time of
the previous note; in this case, the ratio between the current note and the previous
note. Thus the representation of the song becomes not only pitch-invariant, but
also tempo-invariant: The user no longer has to sing the song at a particular
speed, so long as the relative durations of each note are maintained. While this
has become the norm in most query-by-humming systems [66, 65] some systems
choose to represent the time with absolute values instead [59, 52]. Furthermore,
some studies suggest that tempo is fairly unreliable as a retrieval tool [65, 81], and
so its representation may be a moot point.
Time resolution is also a matter of choice, as it was with pitch. However, far less
study has been done regarding the proper resolution for the representation of time.
One paper [65] presents reasonable evidence that a four-valued representation of
time is all that is necessary for optimal discrimination between targets. I will
assume that this resolution is optimal in what follows.
Aside from the choice of representing time with absolute or relative values, there
are a number of exotic representations that bear mentioning. In [45], a tempo is
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clicked as a user sings the melody, and time is measured as the number of clicks
per note, thus giving rise to a beat-based representation of the time for each note.
In [54] and [64], a frame-based representation is used. In this representation, the
note segmentation step is done away with altogether and the matching process
works with the raw, pitch-detected frames of audio. While this does away with the
often error prone step of segmenting the frames, it causes massively slower running
times [38] and apparently not much increase in performance [18].

5.1.3 Target Processing
The process of transcribing the target into a sequence of notes is even harder.
Typically a target song is polyphonic, meaning that there are often many more
notes happening at once than just the main sung melody. The song is also much
longer than any user is willing to sing: In a typical query, only a small, memorable
part of the song is rendered.
This means that there are several difficult subproblems within the problem
of target transcription. Among these are polyphonic transcription (transcribing a
raw audio signal that is polyphonic), melody spotting (distinguishing melody notes
from non-melody ones), and thematic extraction (extracting coherent themes from
a long melody sequence). Each of these problems is highly complex and has an
entire literature of its own.
For our experiments, in order to isolate the part of the process in which I am
interested, I elect to use a preprocessed midi database of 2000 targets known as

96
the Digital Tradition Folk Song Database [23]. This is a collection of American
folk songs stored in monophonic midi format, and they are thus in exactly the
appropriate form for sequence matching.
In Figure 5.2, as a summary, I give a possible form of a complete query by
humming system. The left branch of this figure represents the processing pipeline
for the target data and the right branch represents the processing pipeline for the
query data. By the time the branches meet (when an actual query is given to the
system) we have symbolic representations of both the target and query songs.

5.1.4 Experimental System
I now describe the exact query-by-humming representation used in the experiments
that follow in Chapters 4 and 6.
The user query is transcribed as described above. Both pitch detection and
note segmentation are done on the raw audio. When transcription is complete,
the events in the query sequence are represented as a series of tuples, containing
a component for the average pitch and the duration of each event, so a query
sequence s is of the form:
s = {(sp1 , sd1 ), (sp2 , sd2 ), . . . , (sp|s| , sd|s| )}
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Figure 5.2: A possible general form of a Query-by-Humming system.
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The extracted sequence is then further processed into a relative representation,
using pitch differences and duration ratios:

s = {(sδ1 , sr1 ), (sδ2 , sr2 ), . . . , (sδ|s| , sr|s| )}
where sδi = spi+1 − spi and sri =

sdi+1
.
sdi

The query audio I use for these experiments is a body of 587 queries gathered
from several amateur choir singers (participating in church and college choirs), as
well as several non-singers. I chose amateur singers because they are the most
likely users of a finished query-by-humming system. There were 50 singers in all,
and there were 12 query songs, all of which were played for the user on a piano
before they rendered their query, and all of which were generally well-known by
the users.

5.2 Experimental Results
In this first of set of experiments, I attempt to learn an accurate distance function
using the process given in Figure 4.5. I compare the performance of gradient
boosting with the generative method and SVM-align on training sets of similar
size. In these experiments, the alphabet of notes for the query-by-humming domain
is made finite for the purposes of SVM-align and generative modeling. Using
values suggested in the literature [11, 65] I use 27 values for pitch and 4 values
for duration giving 27 × 4 = 108 characters in the alphabet. For the gradient
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boosting method, no binning of the notes is done; they remain real-valued vectors
throughout training. Testing occurs on small targets sets of only 50 sequences, so
that we can more closely study the effects of sparse training data on candidate
algorithms. Regression trees are trained to minimize squared error on the training
set.

5.2.1 Comparison to Other Methods
For the learning done below, the correct “training alignments” are provided by the
note-interval alignment function given in [18]. In this work, that alignment function
is shown to be on par with a complex graphical model and a time-consuming framebased method in terms of retrieval accuracy. I will then assume in what follows
that this function is the state-of-the-art.
In Figure 5.3 we see the learning curves in the query-by-humming domain. It is
clear that both gradient boosting and SVM-align are able to benefit from learning
in a discriminative way, as both methods are able to progress much faster to a
reasonably accurate function than the generative method. Gradient boosting only
appears to have a slight performance advantage in this domain. I believe this is
due to the fact that the number of query songs is fairly small and thus, even with
cross-validation, small training sets can still provide exhaustive information about
the test data (that is, all of the characters in the alphabet that are seen in test are
also seen in training). This means that the chief advantage of gradient boosting, its
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Figure 5.3: Accuracy boosting results in the query-by-humming domain.
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ability to generalize cost behavior to points unseen in the training data, is rendered
largely useless in this domain.
Nonetheless, structured gradient boosting is able to match the performance of
the much more computationally intensive SVM-align approach and handily outperforms the generative approach, apparently even without exploiting its representational advantages.

5.2.2 Boosting The State-of-the-Art
It was mentioned earlier that the initial cost function given to the accuracy boosting
algorithm could be either hand-designed or uninformative. In all of the previous
experiments shown, the costs were initialized to random values. I now do an
experiment using the function from [18] in the query-by-humming domain that I
have used in the previous experiments to generate training alignments. I do 30
iterations of accuracy boosting on this function, using alignments that it itself has
generated.
The final plot shows mean reciprocal rank versus boosting iteration. I use it for
this final plot because it is a benchmark used often in the literature on this subject
[18, 81] and so offers the most objective point of comparison for the hand-coded
function and its boosted counterpart. It is computed by averaging the reciprocal
of the rank of the correct target as computed by the scoring function for all queries
qi . If there are k queries in the test set:
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MRR =

Pk

1
i=1 rank of ti

k

(5.1)

In Figure 5.4 we see the results of that experiment. The MRR of the function
after boosting is .15-.20 higher than the original function. This result is one of
the most major of this work. The function I am boosting here was determined
in [18] to be the state of the art, and I am able to improve its performance with
these techniques by a substantial amount. This ability to incorporate and build on
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human-given costs is an extremely useful feature of this algorithm, and one that
SVM-align lacks without substantial re-engineering.
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Chapter 6 – Learning Efficient Distance Functions
We have thus far seen how to use structured gradient boosting to learn distance
functions that perform with high accuracy. However, finding the correct target
structure given a query structure still requires computing the distance function
from the query to every target in the target set. These computations may be
complex and not practical for even moderately large target sets [18]. Moreover,
the matching of the query to every possible target in the target set seems intuitively
unnecessary.
In this chapter, I show how structured gradient boosting can be used to tune
the cost functions for improved retrieval performance using metric access methods
[36]. In particular, I show how to construct a data structure for efficient retrieval in
a database of sequences, and then how to tune the cost function, using structured
gradient boosting, to improve the performance of this data structure.

6.1 Metric Distance Functions and Metric Access Methods
Metric access methods attempt to alleviate the need to search the entire target set
to reach the correct target for the given query. Essentially, all of these methods
construct a tree or graph over the target set using the distance function. The tree
is structured so that the distance from a query to certain elements in the target set
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implies that certain other elements need not be considered in the search. Figure
6.2 shows an example of such a tree. We will revisit the tree in more detail later.
Although the details of this structure vary from method to method, these trees
all rely on certain properties of the distance function to prune the space of possible
nearest neighbors. Specifically, all metric access methods require that the distance
function be metric. This means it must satisfy four criteria for all x, y, and z in
the domain of possible structures D:

x 6= y ⇒ d(x, y) > 0

(positivity)

(6.1)

x = y ⇒ d(x, y) = 0

(identity)

(6.2)

(symmetry)

(6.3)

(triangular inequality)

(6.4)

d(x, y) = d(y, x)
d(x, y) + d(y, z) ≥ d(x, z)

The first three can be satisfied with relative ease in the sequence alignment
domains. Positivity can be enforced by taking logarithms of probabilities in the
generative method, and by ensuring that no ck (a, b) ever gets within some ǫ of
zero in gradient boosting, and in both cases reversing the sign. Identity can be
enforced by returning 0 if the arguments are equal. Symmetry can be enforced
by creating a slightly redefined distance function d∗ from the original d, such that
d∗ (x, y) = min(d(x, y), d(y, x)), or failing this, in other, more domain-dependent
ways. Though these enforcements restrict the expressiveness of the distance func-
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tion, we will see that it is still possible to learn a highly accurate distance function
under such restrictions.
The triangular inequality, however, is far more difficult. There is no obvious
way to ensure that a learned distance function will satisfy the triangular inequality.
Recent work, however, aims at modifying a distance function so that it satisfies
the triangular inequality with high probability. It is this work that I review next.

6.2 Enforcing the Triangular Inequality
First, observe that if the triangular inequality fails on some three points it is
because the distance between some pair of these is greater than the sum of the
distances between the other two pairs. To “repair” this triple so that the triangular
inequality is satisfied, we need only close the gap between these distances. If we
can modify distance function d in a way that maintains the ordering on all distance
computations, but repairs all broken triples, we will have maintained the retrieval
accuracy and transformed d into a metric.
The insight of [86] is that the simple application of any concave function g
to the computed distances will do exactly this: Since g is monotonic, it insures
that the computed distances maintain their ordering. Also, since g is concave, the
distances between elements in the new metric space move closer together, so the
triangular inequality is satisfied in more triples.
The caveat to this is that if g has too high of a degree of concavity, then
all distances as measured by d become nearly the same. Because all metric access
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methods rely on some distances being far greater than others to do efficient search,
this makes them useless in the context of d and we are back where we started. We
would like then, to have a function g with concavity sufficient to repair all nontriangular triples, but no more.
Fortunately, there is a simple function with a tunable concavity:
1

g(x) = x 1+w

(6.5)

If we apply this to d, we have a new distance metric.
1

dg (x, y) = g(d(x, y)) = d(x, y) 1+w

(6.6)

A plot of this new function in relation to the original distance function is shown
in Figure 6.1. As w → ∞, the function reaches maximum concavity (a right angle
at (0, 1)) and as w → 0 there is no concavity at all. Thus, we do a simple line
search of w to find the point at which the triangular inequality is “sufficiently”
satisfied to use metric access methods. To check how well a given dg satisfies the
triangle inequality, we can sample triples from the target set T . Empirically, the
experiments at the end of the chapter show that if the triangular inequality is
satisfied with P > 0.99, the errors encountered when using metric access methods
will be negligible, but this is domain-specific.
The astute reader will note that there is no guarantee that a given d will respond
well to these methods. In particular, it is possible that creating a near-metric from
d requires g to have concavity so high that dg will be completely incompatible with

108

2

dg(x,y)

1.5

1

0.5

w=0
w=1
w=4

0
0

0.5

1
d(x,y)

1.5

1

2

Figure 6.1: A plot of the function dg (x, y) = d(x, y) 1+w at various values of w.
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metric access methods. The experiments in [86] show, however, that this is not
the case in many domains.
Thus, it is possible to create a near-metric distance function from a distance
function learned by the methods above, though its usefulness must be determined
empirically. I will now discuss a metric access method, the vp-tree, and show how
a near-metric distance function can be optimized to a particular instance of this
metric access method using gradient boosting.

6.3 The vp-tree
The structure I use for these experiments is the vantage point tree or vp-tree [36].
I choose the vp-tree due to its relative simplicity and straightforward application,
but these techniques may be easily applied to other metric access methods. This
is discussed in the conclusion.
Each node in the vp-tree is defined by a chosen target structure from the target
set, the vantage point. If there is only a single target in the target set, this target
is the vantage point and nothing more need be done. If there is more than one,
the targets in the target set are divided into two nearly equal subsets based on
the distance from the vantage point. The left child of the given node is then
constructed recursively using the subset of targets less than the median distance
from the vantage point, and the right child is similarly constructed from the other
subset.
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Figure 6.2: A vantage point tree. Each circle represents an element of the target
set. The rectangles are nodes in the tree, with the dark colored circles at the left
of each rectangle representing the vantage point of each node.
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Figure 6.3: An algorithm for constructing a vp-tree.
T is a set of target structures, t is a target structure, n is a node in the tree with
children nl and nr , and d is a metric distance function. mn is the median score at
node n and tn is the vantage point.
function Construct-tree(n, T , d)
s ← |T |
if s = 1 then
tn ← T [0]
return
end if
tn ← Choose-vantage-point(T )
sort T on d(tn , ti ∈ T )
mn ← d(tv , T [s/2])
Construct-tree(nl , T [0 : s/2], d)
Construct-tree(nr , T [s/2 : s], d)
end function
We see a graphical representation of the first three levels of a vp-tree in Figure
6.2. Each circle represents a sequence in the target set and each of the rectangle
enclosing the circles represents a node in the tree. The darker sequences (sequence
“A” in the root node) are the vantage points associated with each node. As we can
see, the other sequences are ordered by their distance to the vantage point and the
set is split into right and left subtrees based on the median distance. To complete
the construction, the bottom set of nodes in Figure 6.2 should be split again into
leaf nodes containing a single sequence and having no children. Algorithm 6.3
shows the construction algorithm in pseudocode.
To see how we can leverage the properties of a metric distance to speed up
search, we first consider the following definition:
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dv (t, q) = |d(t, v) − d(q, v)|

(6.7)

The metric properties of symmetry and the triangular inequality gives:

d(t, q) ≥ |d(t, v) − d(q, v)| = dv (t, q)

(6.8)

so that distances get smaller when measured by dv as opposed to d. It follows
that:

dv (t, q) ≥ τ ⇒ d(t, q) ≥ τ

(6.9)

Suppose we wish to find the nearest neighbor of a query q within range τ , and
we are at a node n in the tree with vantage point v. Let the median distance
between v and all targets under n be mn . Hence d(t, v) < mn for all targets t
in the left subtree. If d(q, v) ≥ mn + τ , then it follows from Equations 6.7 and
6.9 that the left subtree of n may be eliminated from consideration. Similarly, if
d(q, v) < mn − τ then we may eliminate the right subtree. However, if mn + τ >
d(q, v) ≥ mn − τ then we must do a linear search of all descendants of n. Figure
6.4 shows this recursive algorithm in psudeocode. Note that we can get the nearest
neighbor in the entire tree by calling the algorithm on the root node.
We see from these two algorithms that the choice of the vantage point is crucial
to the success of the tree. Normally, we would like to choose a vantage point that
projects the target set into a space where few of the distances are close to the
median distance. In this work, however, I take a different approach: Given a
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Figure 6.4: An algorithm for retrieval in a vp-tree.
q is a query structure for which we want to find the closest neighbor within distance
τ in the tree. n is a node in the vp-tree, where mn is the median score at n
and tn is the vantage point. n has child nodes nl and nr (if they exist). d
is a metric distance function. The function Search-all-children searches all
descendants of argument node for the closest neighbor to the argument query under
the argument distance.
function Get-nearest(q, n, τ , d)
if n is a leaf node then
return tn
end if
if d(t, q) < nm − τ then
return Get-nearest(q, nl , τ , d)
end if
if d(t, q) > nm + τ then
return Get-nearest(q, nr , τ , d)
end if
return Search-all-children(q, n, d)
end function
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constructed tree and the associated vantage points, I will modify the distance
function to obtain better performance from the given tree. More specifically, I will
define a notion of loss and margin associated with querying the constructed tree,
then compute functional gradients that modify the distance function to decrease
the loss and increase the margin.

6.4 Adapting Gradient Boosting for Efficiency Learning
We present here the algorithm originally presented in [68]. This algorithm computes the functional gradients against the constructed vp-tree in much the same
way as was done in Chapter 4: For each training query, the algorithm considers
each event from the best alignment of each non-leaf target on the query’s path
from root to leaf. The intuitive direction of the gradient is obvious from the construction of the vp-tree: at each node in the path, the query score should be moved
as far as possible to the correct side of the median, thereby allowing the search to
progress down the tree even at high values of τ . The margin for each query and
path node, then, is the amount by which it lies on the correct side of the median.
Loss is incurred when this margin is negative, and the gradient will attempt to
make this margin as large as possible.
This loss, however, is not uniform for each node on the path: Recall that being
within τ of the median at a particular node n forces us to abandon the tree-search
and perform a linear scan of all leaves that are descendants of n. If n is one level
above the leaf node, the computational cost of being within τ at n is a single
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extra distance computation. However, if n is the root, the search fails to eliminate
a subtree containing |T |/2 targets and the computational cost increases on that
order. More specifically, suppose there are targets {t1, t2 , . . . } on a path from root
to leaf for a given query, where t1 is the root. Hence, the training loss at tj is
weighted by a factor of

1
,
2j

as the vp-tree construction algorithm assures a balanced

tree. This can be incorporated into the objective directly by rescaling the training
loss as described in Section 2.4.1.
After the gradient is computed, it is added to the current distance function and
the process is repeated. However, there is the possibility that this modification
of the distance function has invalidated the tree, either by gross violation of the
triangular inequality or by changing the distance between targets such that some
are now in the incorrect subtrees of their parent nodes. These situations can be
remedied at each step by applying the triangle-generating procedure of Section 6.2,
and by rebuilding the tree where it is incorrect.

6.4.1 Computing the Functional Gradients
More formally, consider a training set S and constructed vp-tree V with queries
{q1 , q2 , . . . , q|S| }. Each of these queries has a single path {ni1 , ni2 , . . . , nip } ∈ V
from root to the leaf containing the correct target, where p is the number of nodes
in the path. Each node in this path has an associated target as its vantage point.
Call the targets associated with the path of qi {ti1 , ti2, . . . , tip }.
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I now compute the margin for each pair (tij , qi ), defined as the difference between median distance to tij and d(tij , qi ). The larger this distance is, the higher
the chance of conducting an effective search. If mij is the median distance to tij
then the margin mi is

mi = mij − d(tij , qi )

(6.10)

if the correct target given qi is in the left subtree of nij and negation of the same
expression if it is in the right subtree. For convenience, define a value vij such that
if the correct target for qi is ti as in Chapter 4, then:

vij =





1


 −1

if ti ∈ left subtree of nij

(6.11)

otherwise

Stating the margin in a single equation gives:

mi = vij (mij − d(tij , qi ))

(6.12)

Again, I borrow the following loss formulation from LogitBoost:

log(1 + exp(vij (d(tij , qi ) − mij )))

(6.13)

Recall that d in the sequential alignment setting is simply the sum of the costs of
the events in the optimal alignment. Recall also from Chapter 4 that f (a, b, xi , yi )
is the number of times that character a is replaced by b in the optimal alignment
of sequences xi and yi . Define the following shorthand:
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fij (a, b) = f (a, b, tij , qi )

(6.14)

With this definition, the distance function is:

d(tij , qi ) =

XX
a

c(a, b)fij (a, b)

(6.15)

b

The loss L for each query is in a sum of the losses at each target in the path
to the correct leaf. In addition, I use a misclassification cost function of

1
2j

and

rescale the margin-based loss, as discussed earlier in this section.

L=

X 1
log(1 + exp(vij (d(tij , qi ) − mij ))
j
2
j

(6.16)

I now perform the crucial step. The loss function is derived with respect to
the current scoring function ck at each pair (a, b). This gives the gradient step
δk+1 (a, b):

∇Lk+1 (a, b) =

=

∂L
∂ck (a, b)

(6.17)

X vij fij (a, b) exp(vij (d(tij , qi ) − mij ))

(6.18)

j

2j (1 + exp(vij (d(tij , qi ) − mij )))
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Simplifying the above expression yields the final functional gradient expression1 :

∇Lk+1 (a, b) =

X
j

2j (1

vij fij (a, b)
+ exp(vij (mij − d(tij , qi ))))

(6.19)

6.4.2 Ensuring the Validity of the vp-tree
To ensure the validity of the constructed vp-tree as changes are made to d, the
learning process must check each node to make sure the two child vantage points
are still on the appropriate sides of the median value. This is done by passing a
target set into the node (as in construction), and checking to make sure that the
child vantage points are in this set and on the correct side of the median distance.
If they are, the appropriate halves of the target set are sent to the right and left
child nodes and the check performed recursively. If not, the subtree starting at the
failed check must be rebuilt.

6.5 Experimental Results
In this set of experiments, I attempt to learn a function that retrieves efficiently,
but also with high accuracy. For this I use a two-phase boosting approach, in which
an accurate distance function is learned in the first phase, followed by construction
of a vp-tree over the learned distance function, and then a second boosting phase
to optimize the efficiency of this tree. In this second phase, I use a weighted
1

Remember from Equation 4.16 the distance function is computed as the negation of the sum
of the feature values. As such, the direction of the gradient step will need to be reversed after it
is computed.
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combination of the accuracy and efficiency gradients to assure that accuracy is
maintained as efficiency is boosted. This is compared to using only accuracy
boosting throughout both iterations. Target sets of 2000 sequences are used for
training and testing. The vantage points of the vp-tree are selected in the standard
way by taking a random sample of 20 targets at each node in the tree as it is
constructed, computing the distance to each of the targets from all other targets
at the current node, and choosing the target for which the computed distances
have the highest variance.
Figure 6.5 shows the general form of the two-phase algorithm in psudeocode.
Note that in the first half of the algorithm, a regression tree approximating the
gradient vector, ∇L, is learned, as in Chapter 4. In the second half of the algorithm,
however, ∇L is discritized and the results counted into a table. This provides a
large, sparse vector representing the counts in the training set. The sparsity of
the vector is crucial because the goal is to specialize the distance metric to the
constructed tree. A few brief experiments showed that learning an approximation
effectively defeats this specialization, creating updates to the cost function that
are too broad to have effectiveness.
In all of the experiments below, ten-fold cross validation was used to minimize
the effects of randomness. The learning curves all plot error against training set
size. The accuracy curves for efficiency boosting plot error against boosting iteration to show the possible degradation in accuracy performance when the switch is
made from accuracy boosting to efficiency boosting.
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Figure 6.5: The two phase boosting algorithm
T is a set of target structures, Q is a training set of query sequences (for which
correct targets are known), and ck is the set of costs at iteration k. ∇L is a vector
representing the functional gradient. na and ne are the numbers of boosting iterations in the accuracy and efficiency phases of the algorithm, respectively, and β
is a parameter that specifies the relative importance of accuracy maintenance and
efficiency improvement in the efficiency boosting phase. Note that ck , in combination with the Smith-Waterman algorithm, specifies a metric distance function
that can be used in Construct-tree.
function Boost-two-phase(Q, T , ck , α)
for k = 0 to na do
∇Lk+1 (a, b) = 0, ∀(a, b)
for all qi ∈ Q do
∇Lk+1 ← ∇Lk+1 + Compute-acc-gradient(qi, T , ck )
end for
S = {((a, b), ∇Lk+1 (a, b))}, ∀a, b
Tk+1 ← Learn-regression-tree(S)
ck ← ck + Tk+1
end forM =Construct-tree(root, T , ck )
for k = 0 to ne do
∇Lk+1 (a, b) = 0, ∀(a, b)
for all qi ∈ Q do
∇Lk+1 ← ∇Lk+1 + (β)Compute-acc-gradient(qi, T , ck )
∇Lk+1 ← ∇Lk+1 + (1 − β)Compute-eff-gradient(qi , T , ck , M)
end for
ck ← ck + α∇Lk+1
Validate-tree(M, ck )
end for
end function
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The efficiency curves plot the number of targets not directly compared to the
query against the error tolerance. Obviously, the higher the error tolerance, the
more targets will be pruned from the target set before explicit consideration and
the more efficient the function will be. The curve, then, is much in the spirit of an
ROC curve, where the best result is to have nearly all of the targets pruned even
at low error tolerances.
We first look at the results in the query-by-humming domain. We see in Figure
6.6 the accuracy of the function as the two-phase boosting approach progresses.
As we would expect, there is a brief degradation in accuracy as efficiency boosting
begins at the 30th iteration. This is only temporary, however, and the accuracy
of the learned function returns to within 1% of its pre-efficiency boosted accuracy
by the time efficiency boosting is completed.
In Figure 6.7, we see the results of efficiency boosting in this domain. As we
can see, the learning process is able to achieve efficiency advantages over accuracy
only boosting of up to 10% of the target set at the crucial low error rates. As we
can also see, it seems that this domain is already fairly receptive to metric access
methods, even without efficiency boosting. It is encouraging that, even in the
case where metric access methods are already applied with some success, efficiency
boosting is able to provide retrieval speed up with only small loss of accuracy.
The next set of figures shows the same set of experiments in the synthetic
domain. Here, the results are even more definitive. Figure 6.8 shows only a brief
hiccup in accuracy as the function is boosted, resulting in no performance loss in
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Figure 6.6: Accuracy with the two-phase boosting approach in the query-byhumming domain.
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Figure 6.7: Efficiency plot in the query-by-humming domain.
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Figure 6.8: Accuracy with the two-phase boosting approach in the synthetic domain.

the long run. Note that the scale of the y-axis is so small that the difference in
error between the accuracy and efficiency boosted functions is almost meaningless.
Figure 6.9 shows a significant increase in efficiency in this domain; nearly 30%
at low error rates. Perhaps more interestingly, the initial, accuracy-only function is
not at all receptive to metric access methods: the probability that a target will be
pruned is equal to the probability that this pruning will lead to an error, resulting
in the straight line of the accuracy boosting curve. Efficiency boosting is able to
make metric access methods at least somewhat useful in this case.
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Chapter 7 – Conclusion
Herein, I have discussed some of the methods related to a new facet of the machine learning literature known as structured prediction. In particular, I have
discussed two structured prediction algorithms in detail, structured perceptron
and structural support vector machines, and attempted to consolidate some of
their strengths into a new algorithm, structured gradient boosting. I showed that
this algorithm is able to incorporate general notions of classification loss and can
be efficiently kernelized.
I then showed how this algorithm can be applied in a simple way to the learning
by demonstration paradigm, by treating starting state as the input domain and
possible plans as the output domain. I showed results in a real-time strategy
game domain that indicate that complex objective functions can be learned with
structured gradient boosting using little training data, simple features, and a linear
model.
Following this, I presented a comprehensive approach to learning distance functions for sequence alignment via structured gradient boosting; an approach that
not only learns distance functions that are highly accurate, but also an approach
that can contribute to efficiency of retrieval. The approach, in brief, learns the
distance function iteratively. At each iteration, we compute an accuracy gradient
based on the discriminative nature of the retrieval problem and a suitable notion of

127
margin. I have shown empirically that in at least two sequence retrieval domains,
this approach is able to learn distance functions that are more accurate than traditional generative approaches, and also at least as accurate if not more accurate
than SVM-align [92], a recently introduced and very promising discriminative approach.
As stated above, this approach is also able to increase the efficiency of a learned
distance function. This is accomplished by modifying the gradient above to iteratively improve performance on a given metric access method (in this case a vptree). Experimental results show that the approach is able to improve efficiency of
vp-trees in these domains by 10-30%, even at relatively modest target set sizes.
Finally, I have shown that accuracy boosting is able to to improve the accuracy
of a hand-coded function in the query-by-humming domain. The function improved
by learning was shown to be state-of-the-art in [18] and underwent significant
improvement (from an MRR of 0.51 to an MRR of 0.68) after accuracy boosting.
The success of the accuracy boosting technique seems to depend on two facts:
First, the approach is discriminative rather than generative in nature. This enables
features relevant to proper discrimination to be identified quickly and given substantial importance, thus learning a reasonably accurate function with less training
data than is required by traditional generative learning, which requires ad-hoc assumptions about the feature space. Second, my approach has a representational
advantage: Instead of treating sequence elements as atomic characters with no internal structure or relationship, as in previous methods, I utilize the structure and
interdependence of the sequence alphabet to learn the cost behavior of sequence
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elements that did not appear in the training data. This is accomplished by using
a regression tree to approximate the computed gradient in each iteration of the
boosting algorithm.
Just as discriminative learning is able to, in some sense, encode the target
database into the distance function, the efficiency gradient finds its success by encoding a constructed vp-tree into the distance function. As the efficiency gradient
progresses, it constructs cost modifications that cause query sequences to travel
down the correct path in the constructed tree, especially focusing on the early
nodes in the path, as these are the most crucial for good performance. This encoding of more information into the distance function is crucial to the success of
the efficiency gradient.
I now speculate on some directions for future work in this area.

7.1 Structured Prediction
Obviously, there are myriad structured prediction domains that have herein not
been explored, with machine translation [90] and natural language processing [19]
being the ones that have driven the field thus far. Structured gradient boosting
can be applied to many of the sub-tasks in these fields, and earlier results using the
structured perceptron algorithm [50, 14] indicate that structured gradient boosting
may find some success in these domains.
Another important thread of work in the structured prediction subfield is the
exploration of the deep connections between the proposed algorithms. Structural
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support vector machines, as stated before, already have some interesting theoretical
guarantees [93], but these guarantees rely on exact inference during learning, as
do the theoretical guarantees of some other methods [47, 91]. By contrast, some
of the other methods [19, 67, 14] make no such requirement and are able to deliver
other theoretical guarantees. Are there relationships between the two classes of
methods and the problems that they are able to tackle? Are there other theoretical
guarantees that cross the boundary between these two groups, in the same way
VC theory [95] does for classical statistical learning?
It is assumed that exploration of the deep theoretical guarantees between methods will lead to empirical demonstrations of their various effectiveness and ineffectiveness on certain types of problems (or vice-versa). There is a lack of broad
empirical comparison of methods in the structured prediction literature right now
and this situation is starting to be remedied. Some recent workshop results1 showed
that violation of the exact inference requirement leads to poor performance of the
SVM-struct algorithm. By contrast, violation of certain requirements of the structured perceptron algorithm [15] lead to improved convergence. More results like
these will surely be of great value to the community in the future.
Finally, the feature function Ψ is assumed by all of the algorithms reviewed
in this dissertation to be given. Induction of this function from training data is
probably the single most important direction for future work is this area and one
that so far has been virtually ignored.
1

specifically, Thomas Finley’s paper at the ICML 2007 Workshop on Constrained Optimization and Structured Output Spaces and Chris Mills-Price’s paper at the AAAI 2007 Workshop
on Acquiring Planning Knowledge via Demonstration.
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7.2 Learning by Demonstration via Structured Prediction
This domain demonstrates that exact inference is not required for structured gradient boosting to be effective. In fact, this shows that learning can be effective using
the simplest possible search procedure (random probing) in the inference routine
of the algorithm. Dropping the requirement for exact (or even guaranteed approximate) inference in the inference routine may open up the structured prediction
formalism model types other than the linear model and its kernelized variants.
In addition, the success of structured prediction in the learning by demonstration paradigm suggested possible success in related domains. In particular, I note
that the experiments done in learning by demonstration treat a plan as a single,
factored action with no temporal aspect. If we add the temporal aspect and consider a plan action by action, is it possible to use this result to improve results
in the reinforcement learning paradigm? Some preliminary experiments have suggested that structured gradient boosting is able to learn many objectives faster
than Q-learning [42]. I imagine an algorithm akin to approximate policy iteration [6] where the updates are done in the style of structured gradient boosting.
Research investigating this idea is already underway.

7.3 Learning for Sequence Retrieval Accuracy
Obviously, one direction for future work is to apply this formalism to other sequence
retrieval domains. The domains most amenable to these methods will likely exhibit
one or both of the following characteristics: First, the elements of the candidate
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sequences will have meaningful internal structure or relationships to one another.
Second, the target set in the candidate domain will be fixed (or at least drawn from
the same distribution) for both learning and performance, enabling discriminative
approaches to encode the target set into the distance function. This approach will
demonstrate a substantial advantage over traditional generative learning and the
recently suggested SVM-align in situations where training data is sparse, or where
the size of the alphabet from which the sequences are drawn is large or infinite.
Another direction for this work is to apply the methods here to structures other
than sequences, such as trees or graphs. All that is required is an algorithm such as
the Smith-Waterman algorithm, that takes two structures and “aligns” them, with
respect to a set of costs, extracting the features of this alignment in the process.
Recent work in the area of “tree edit distance” [8, 80] gives us a notion that this
may be a useful area for exploration.

7.4 Learning for Sequence Retrieval Efficiency
The primary strength of the work in learning for efficiency is its novelty. While
there have been a very few other modest attempts to tune a distance function to
a particular metric access method [62], none of these has used machine learning to
perform this tuning. Given these results at a first attempt, it is likely that future
endeavors into this area will be fruitful.
Again, an obvious direction for future research is to apply the efficiency gradient
to other domains. The “query-by-content” literature contains many such domains,

132
and these methods are applicable for any domain where a distance function is
constructed. One possible candidate is the area of “content-based image retrieval”,
where a collection of images is searched using a query image. Recent studies [37]
show that fractional Lp measures for content-based image retrieval are superior
than traditional Lp measures. Because fractional Lp distances are non-metric,
these learning methods may apply here.
A final future direction is to apply the efficiency gradient to other metric access
methods. I noted previously that the success of the efficiency gradient lies in its
ability to encode a particular instance of a metric access method into the distance
function. Changes to the distance function will obviously invalidate parts of any
metric access structure, but if the changes require that the structure be rebuilt
entirely, all of the previous steps of the efficiency gradient are largely invalidated.
Thus, the candidate metric access method must be robust to changes in the distance
function. I have also tried this experiment using the recently proposed cover trees
[7] as the metric access method. Unfortunately, cover trees are not robust to
changes in the distance function, and so the efficiency gradient shows little effect
when used with this type of structure. By contrast, metric trees [36] are even more
invariant than vp-trees under changes to the distance function, and in preliminary
tests they have shown at least equivalent performance.
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[37] Peter Howarth and Stefan M. Rüger. Fractional distance measures for contentbased image retrieval. In ECIR, pages 447–456, 2005.
[38] Ning Hu, Roger Dannenburg, and Ann L. Lewis. A probabilistic model of
melodic similarity. In Proc. International Computer Music Conference, 2002.
[39] Rong Jin, Rong Yan, Jian Zhang, and Alexander G. Hauptmann. A faster
iterative scaling algorithm for conditional exponential model. In ICML ’03:
Proceedings of the 20th International Conference on Machine Learning, pages
282–289, 2003.
[40] Thorsten Joachims. Learning to align sequences, a maximum margin approach. Technical report, Cornell University, August 2003.
[41] George H. John and Pat Langley. Estimating continuous distributions in
bayesian classifiers. In Eleventh Conference on Uncertainty in Artificial Intelligence, pages 338–345, San Mateo, 1995. Morgan Kaufmann.
[42] Leslie Pack Kaelbling, Michael L. Littman, and Andrew P. Moore. Reinforcement learning: A survey. Journal of Artificial Intelligence Research, 4:237–
285, 1996.
[43] Roni Khardon. Learning action strategies for planning domains. Artificial
Intelligence, 113(1-2):125–148, 1999.
[44] Youngmoo E. Kim, Wei Chai, Ricardo Garcia, and Barry Vercoe. Analysis
of a countour-based representation for melody. In Proc. 1st International
Symposium on Music Information Retrieval, October 2000.

137
[45] Naoko Kosugi and Yuichi Nishihara. A practical query-by-humming system
for a large music database. In Proc. 8th ACM Multimedia Conference, 2000.
[46] A. Krogh, M. Brown, I. S. Mian, K. Sjölander, and D. Haussler. Hidden
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end-to-end discriminative approach to machine translation. In International
Conference on Computational Linguistics and Association for Computational
Linguistics (COLING/ACL), 2006.
[51] A. T. Lindsay. Using contour as a mid-level representation of melody. Master’s
thesis, MIT Media Lab, 1996.
[52] Lei Lu, Hong You, and Hong-Jiang Zhang. A new approach to query by
humming in music retrivial. In Proc. IEEE International Conference on Multimedia and Expo, August 2001.
[53] Ofer Matan, Henry S. Baird, Jane Bromley, Christopher J.C. Burges, John S.
Denker, Lawrence D. Jackel, Yann Le Cun, Edwin P.D. Pednault, William D.
Satterfield, Charles E. Stenard, and Timothy J. Thompson. Reading handwritten digits: A zip code recognition system. Computer, 25(7):59–63, 1992.
[54] Dominic Mazzoni and Roger B. Dannenberg. Melody matching directly from
audio. In Proc. 2nd Annual International Symposium on Music Information
Retrieval, 2001.
[55] A. McCallum, D. Freitag, and F. Pereira. Maximum entropy Markov models
for information extraction and segmentation. In ICML ’00: Proceedings of

138
the 17th International Conference on Machine Learning, Stanford, California,
2000.
[56] Rodger J. McNab, Lloyd A. Smith, Ian H. Witten, and Clare L. Henderson.
Tune retrieval in the multimedia library. Multimedia Tools and Applications,
10(2/3):113–132, 2000.
[57] Colin Meek. Modelling error in query-by-humming applications. PhD thesis,
The University of Michigan, 2004.
[58] Colin Meek and William Birmingham. Johnny can’t sing. Technical Report
CSE-TR-471-02, University of Michigan, 2002.
[59] Colin Meek and William Birmingham. Johnny can’t sing: A comprehensive
error model for sung music queries. In Proc. 3rd International Symposium on
Music Information Retrieval, 2002.
[60] Colin Meek and William P. Birmingham. The dangers of parsimony in queryby-humming applications. In Proc. 4th International Symposium on Music
Information Retrieval, 2003.
[61] Marcel Mongeau and David Sankoff. Comparison of musical sequences. Computers and the Humanities, 24:161–175, 1990.
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